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Abstract 

We develop a theory of operator renewal sequences in the context of infinite 
ergodic theory. For large classes of dynamical systems preserving an infinite 
measure, we determine the asymptotic behaviour of iterates L n of the transfer 
operator. This was previously an intractable problem. 

Examples of systems covered by our results include (i) parabolic rational 
maps of the complex plane and (ii) (not necessarily Markovian) nonuniformly 
expanding interval maps with indifferent fixed points. 

In addition, we give a particularly simple proof of pointwise dual ergodicity 
(asymptotic behaviour of X^j=i L 3 ) f° r the class of systems under consideration. 

In certain situations, including Pomeau-Manneville intermittency maps, we 
obtain higher order expansions for L n and rates of mixing. Also, we obtain 
error estimates in the associated Dynkin-Lamperti arcsine laws. 



1 Introduction 

In finite ergodic theory, much recent interest has focussed on the statistical proper- 
ties of smooth dynamical systems with strong hyperbolicity (expansion/contraction) 
properties. Landmark results include the proof of exponential decay of correlations 
for certain classes of uniformly hyperbolic flows [El EEl [30] and planar dispersing bil- 
liards [12] • The latter is part of a general scheme [12| H3] for estimating decay of 
correlations, or mixing rates, for discrete time dynamical systems. 

For systems with subexponential decay of correlations, most approaches yielded 
only upper bounds for mixing rates. Sarig [37] introduced a powerful new technique, 
operator renewal theory, to obtain precise asymptotics and hence sharp mixing rates. 
This is an extension of scalar renewal theory from probability theory to the operator 
situation. The technique was substantially extended and refined by Gouezel [T8J EE] ■ 
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Garsia & Lamperti [T7] developed a theory of renewal sequences with infinite 
mean in the probabilistic setting. The techniques are very different from the finite 
mean case, and draw heavily on the theory of regular variation [TJ [16], |2Z] ■ A natural 
question is to develop renewal operator theory in the infinite mean case. 

Renewal sequences In probability theory, renewal sequences relate return proba- 
bilities to a specified "nice" set with first return probabilities. The analogue in ergodic 
theory arises in the study of first return maps. 

Let (X,/i) be a measure space (finite or infinite), and / :l4la conservative 
measure preserving map. Fix Y C X with fi(Y) > 0. Let ip : Y — > Z + be the first 
return time <p(y) = inf {n > 1 : f n y G Y} (finite almost everywhere by conservativity). 
Let L : L 1 (X) — > L 1 (X) denote the transfer operator (Perron- Frobenius operator) for 
/ and define 

T n v = l Y L n (l Y v), n > 0, R n v = l Y L n (l w=n} v), n > 1. 

Note that T n and R n can be viewed as operators on ^(Y) with T = /. Thus T n 
corresponds to returns to Y and R n corresponds to first returns to Y. The relationship 
T n = Yjj=i T n -jRj generalises the classical notion of renewal sequences in probability 
theory. 

In the infinite mean setting of Garsia & Lamperti [T7j, a crucial requirement is that 
the first return probabilities have regularly varying tails. In our setting it is natural 
to assume that the return time probabilities have regularly varying tails. Indeed, 
many of the results in the infinite ergodic theory literature rely crucially on such an 
assumption [TJ [391 El EH]- Under this assumption, and certain functional-analytic 
hypotheses on the operators R n , we obtain detailed results (Theorems 12. l[l2T2~l!2.3p on 
the asymptotic behaviour of the operators T n as n — > oo. This has strong ramifications 
for the asymptotics of the iterates L n , and hence for the underlying dynamical system. 

Maps with indifferent fixed points An important class of examples is provided 
by interval maps with indifferent fixed points, in particular the Pomeau-Manneville 
intermittency maps [33J which are uniformly expanding away from an indifferent fixed 
point at 0. To fix notation, we focus on the version studied by Liverani et al. [3T] : 




When a = 0, this is the doubling map, and Lebesgue measure is invariant, ergodic 
and exponentially mixing. For a G (0,1), there is still a unique ergodic invariant 
probability measure \i absolutely continuous with respect to Lebesgue measure, but 
the rate of mixing is polynomial: f x v w o f n d/j — J x v dfx J x w dfi < C V)W n'^^ 
where (3 = - for all w G L°°(X) and all v sufficiently regular (for example, Holder 
continuous). Hu [23] proved that this decay rate is optimal; a special case of the 
theory of 
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For a > 1, we are in the situation of infinite ergodic theory. There no longer exists 
an absolutely continuous invariant probability measure, but there is a unique (up to 
scaling) u-finite, absolutely continuous invariant measure [i. Previous studies estab- 
lished pointwise dual ergodicity: a" 1 J2]=i & v ~ * const J x v d\i almost everywhere for 
all v G L 1 (X), where a n = n 13 for (3 G (0, 1) and a n = n/ logn when (3 = 1. 

An important refinement is the limit theorem of Thaler [2B] where the convergence 
of a" 1 Y^j=i is shown to be uniform on compact subsets of (0, 1] for all observables 
of the form v = u/h where u is Riemann integrable and h is the density. 

The results of [38] are formulated for Markov maps of the interval with indifferent 
fixed points. Zweimuller [44J [45] relaxed the Markov condition and systematically 
studied a large class of non-Markovian nonuniformly expanding interval maps, called 
AFN maps. (See Section 111.31 for a precise definition of AFN map.) In particu- 
lar, [33] obtained a spectral decomposition into basic (conservative and ergodic) sets 
and proved that for each basic set there is a cr-finite absolutely continuous invari- 
ant measure, unique up to scaling. The results in [38] on uniform pointwise dual 
ergodicity were extended in [35] to the class of AFN maps. 

Understanding the asymptotics of L n , rather than Y^j=i L ] , turns out to be a much 
more difficult problem, even for (11.11) . Previously, the sole success in this direction 
was obtained by Thaler [3D]. However, the class of systems covered by [40j is quite 
restrictive and includes the family (11.11) only for (3 = 1. 

It is this situation that we have sought to redress in this paper. It is convenient 
to describe our main results in the setting of AFN maps / : X — > X, though our 
general theory goes much further, as described later on. Let X' C X denote the 
complement of the indifferent fixed points. For any compact subset A C X', the 
construction in |44j yields a suitable first return set Y containing A. Fix such a 
set Y with first return time function (p : Y — > Z + . Then we assume that the tail 
probabilities are regularly varying: fi((f > n) = £(n)n~ 13 where (3 G (0, 1] and £(x) is 
slowly varying (£ : (0, oo) — > (0, oo) is measurable and lim a; _ 5 . 00 £(Aa;)/£(a:) = 1 for all 
A > 0). (For (11.11) . £ is asymptotically constant and = -.) 

Now we can state our results for AFN maps. Set dp = - sin (3n for [3 G (0, 1) and 

d\ = 1. Define m(x) = £{x) for [3 G (0, 1) and m{x) = Ylfli^U)^ 1 f° r P = 1- 

Theorem 1.1 Suppose that f : X — >• X is a topologically mixing AFN map with 
a-finite absolutely continuous invariant measure /i and regularly varying tail probabil- 
ities. Consider observables of the form v = £w where £ is fi-integrable and of bounded 
variation on X , and u is Riemann integrable. 

(a) If {3 G (|,1], then lim^oc m{n)n x ~^ L n v = dp f x vdfj, uniformly on compact 
subsets of X' . 

(b) If (3 G (0, |] ; then there is a subset E C N of zero density such that 
lim n _ s>00j n ^ E £(n)n 1 ~ l3 L n v = dp J x vdfi pointwise on X' . 

Moreover, ifv>0, then liminfn^oo £(n)n 1 ~ ,3 L n v = dp f x vdfj, pointwise on X' . 
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(c) If (3 G (0, =), i/ien L ra t> = 0(£(n)n uniformly on compact subsets of X' . 

Remark 1.2 (i) It is known that the asymptotic behaviour of L n might be compli- 
cated. Chung [HI Section 1. 10] gives an example of a null recurrent Markov chain for 
which the ratio of n-step transition probabilities p«/p^ has no limit as n — > oo (the 
regular variation assumption on the return time probabilities is violated). Hajian & 
Kakutani [21] (see also [3J Proposition 1.4.7]) prove that there always exist weakly 
wandering sets W of positive measure. For such sets, f w L n lw dfi = for infinitely 
many n. (Such indicator functions lw do not lie in our class of observables v = £u). 

(ii) In the special case of the family ( II. ip . Theorem 11.1( a) recovers the result of 
Thaler jlQ] for (3 = 1 and the cases < 1 are new. Parts (b,c) are probably not 
optimal for (II. ip but are the best one can expect in the general setting, see Remark |2.4 1 

(iii) In addition to yielding convergence results for L n (rather than Y^=i ^) our 
methods also cover much wider classes of observables than was previously possible. 
An indicative example is the family ( 11 .ip where (3 G (|, 1]. There is a constant C > 1 

such that C~ l x~^ < h(x) < Cx~p. Consider observables of the form v(x) = x q . 
Whereas the results of (381 US] yield uniform convergence of YTj=i ^ v (and of L n v 
when (3 = 1) on compact subsets of (0, 1] if and only if q(3 > 1, our results apply for 
(l + q)(3>l. 

(iv) An immediate consequence of Theorem (HI]) (a) is that if (3 G (\, 1], v is of the 
required form v = £u, and w G L X (X) is supported on a compact subset of X', then 
lim n _ >OQ m(n) j x v w o /" dfi = dp f x v dfi f x w d{i. 

(v) The situation changes considerably if f x vd\x = 0. We have the following result 
which has no counterpart in standard renewal theory, though Gouezel [18] proves an 
analogous (and equally unexpected) result in the case of finite ergodic theory: 

Theorem 1.3 Suppose that f : X — >• X is a topologically mixing AFN map with 
regularly varying tail probabilities, (3 G (0, 1). Suppose that v is of bounded variation 
and is supported on a compact subset of X' . If J x vdfi = 0, then L n v = 0(£(?t,)?t, _ ^) 
uniformly on compact subsets of X' . 

Second order asymptotics and rates of mixing In certain situations, including 
the family (ll.ip . the tail probabilities satisfy fi({p > n) = cn~^ + 0{n~ q ) for some 
q > 1, c > 0. It is then possible to obtain higher order expansions of L n v on compact 
sets for bounded variation observables v supported on a compact subset of (0, 1]. For 
example, in the specific case of (11.11) . (3 G (|, 1), we prove that |n 1_/3 J Q v w o f n dfi — 
v dji w dfi\ < Cn^ 1 where 7 = min{l — /3,/3 — |}. The rate of mixing is sharp 
for (3 > |, and we obtain precise second order asymptotics provided > |. 

These and related results such as error rates in the Dynkin-Lamperti arcsine 
laws [TU [29] are discussed in Section EO 
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The remainder of the paper is organised as follows. In Section [2J we describe the 
general framework for our results on the renewal operators T n . Sections [31 H] and 
contain the proofs for | < (3 < 1. In Section [61 we cover the case (3 = 1. In Section [7J 
we give a particularly elementary, self-contained, proof of pointwise dual ergodicity for 
all (3. In Section [HI we prove our results for < (3 < |. In Section [91 we formulate and 
prove results on higher order asymptotics. In Section [TD1 we show how to pass from 
T n v = lyL n (lyt>) to L n . Finally in Section [TTJ, we show that our theory applies to 
large classes of examples including AFN maps (in particular, we prove Theorem 11.11) 
and systems for which the first return map is Gibbs-Markov. The latter includes 
parabolic rational maps of the complex plane [6]. 

Notation We use "big O" and <C notation interchangeably, writing A n = 0(a n ) 
or A n <C a n as n — > oo if there is a constant C > such that \\A n \\ < Ca n for all 
n > 1 (for A n operators and a n > scalars). We write A n ~ c n A as n — > oo if 
linin^oo \\A n /c n — A\\ = (for A n , A operators and c n > scalars). 

2 General framework 

Let (X, /i) be an infinite measure space, and / : X — > X a conservative measure 
preserving map. Fix Y C X with fi(Y) G (0, oo) and rescale /i so that n(Y) = 1. Let 
if : Y — > Z + be the first return time f(y) = inf{n > 1 : f n y G Y} and define the first 
return map F = f v : Y — > Y. 

The return time function if : Y — > Z + satisfies j Y fd^ = oo. Our crucial assump- 
tion is that the tail probabilities are regularly varying: 

fj,(y G Y : f(y) > n) = E(n)n~P where £ is slowly varying and (3 G (0, 1]. 

Recall that the transfer operator R : L^iY) — > L^iY) for the first return map 
F : Y — > Y is defined via the formula f Y Rvwdfi = f Y v w o F d/x, w G L°°(Y). 
Let D = {z G C : \z\ < 1} and D = {z G C : |z| < 1}. Given z G D, we 
define -R(-z) : -^ 1 (1 A ) — > ^{Y) to be the operator R(z)v = R(z tp v). Also, for each 
n > 1, we define i? n : L^iY) — )■ L 1 (F), i? n t> = R{l^ =n ^v). It is easily verified that 

Our assumptions on the first return map F : Y — )■ Y are functional- analytic in 
nature. We assume that there is a function space B C L°°(Y) containing constant 
functions, with norm || || satisfying \v\oo < ||f || for v G £>, such that for some constant 
C > 0: 

(HI) For all n > 1 , R n : i3 — > B is a bounded linear operator with ||-R n || < Cfi(f = n). 

In particular, z (->■ -R(-z) is a continuous family of bounded linear operators on # 
for zGD. Since R(l) = R and B contains constant functions, 1 is an eigenvalue of 
-R(l). We require: 
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(H2) (i) The eigenvalue 1 is simple and isolated in the spectrum of -R(l). 
(ii) For z G D \ {1}, the spectrum of R(z) does not contain 1. 

Denote the spectral projection corresponding to the simple eigenvalue 1 for R(l) by 
P. Then (Pv)(y) = j Y vdfi. 

2.1 Asymptotics of T n 

We state our main results for the operators T n . Since T n v = lyL n (lyt>), we obtain 
precise results for the convergence of L n v on Y for observables v supported on Y. The 
restriction to Y is lifted in Section [10J Throughout, we assume regularly varying tails 
p,((p > n) = t(ri)n~P and hypotheses (HI) and (H2). Set dp = - sin (3n for (3 G (0, 1) 
and di = 1. Define m(n) = £(n) for [3 G (0, 1) and m(n) = YTj=\ f° r P — 1- 

In some of our statements, the observable v is not mentioned. Here, we are speak- 
ing of convergence of operators on the Banach space B. So for example, Theorem 12.11 
states that sup veB \\ v \\ = \ \\m(n)n 1 ''^T n v — dp f Y vdji\\ — > as n — > 00. Since B is 
embedded in L°°(Y), this immediately implies almost sure convergence (at a uniform 
rate) on Y. Redefining sequences on a set of measure zero, we obtain uniform conver- 
gence on Y. For brevity, we will speak of uniform convergence throughout this paper 
without further comment. 

Theorem 2.1 If f3 G (§, 1], then \im n ^ 00 m(n)n 1 - p T n = dpP. 

The next result gives upper bounds on the decay rate of T n for [3 < ~, and an 
improved upper bound for > ~ when the observable is of mean zero. 

Theorem 2.2 (a) If (3 = \, then T n < £(n)n~^ l(l/6)- 2 6- 1 d6. 

(b) Ifpe (0, \), then T n < l{n)n~ p . 

(c) If (3 G (0, 1), and v G B satisfies f Y vdfi = 0, then T n v <C £(n)n _/3 . 

As indicated in [17], the estimate in Theorem 12.2( b) is essentially optimal. How- 
ever, we recover certain aspects of Theorem 12.11 even for (3 < \. Recall that E C N 
has density zero if lim^^ ± £)" =1 l E (j) = 0. 

Theorem 2.3 Lei /3 G (0, |] and v E B. 

(a) For all y G Y , there exists a set E of zero density such that 
lim„^ 00in ^£(ra)ra 1 - /3 (T n v)(?/) = dp f Y vdfi. 

(b) If v > 0, then liminf^oo £(n)n 1 ~ /3 T n t> = dp J Y vdfi pointwise on Y. 
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Remark 2.4 In general, Theorem 12.11 fails for (3 < ~. However, there is the possibil- 
ity of proving the result for all [3 under additional hypotheses. Indeed, Gouezel [20] 
informs us that he is able to prove Theorem 12. II for all G (0, 1) under the additional 
assumption that p(tp = n) = 0{£{n)n^^ +lS) ). In particular, Gouezel's result applies 
to the family flTTJ. 

It is worth recalling the situation from the scalar case (where the T n are prob- 
abilities instead of operators). Under the additional assumption fj,(<p = n) = 
0(£{n)n-^ + V), Garsia & Lamperti [T7] were able to extend Theorem 12.11 to the 
case j3 G (|, \). This is the only part of [T7] that we are unable to generalise to the 
operator setting. However, an argument of Doney [13] applies to all (3 G (0, 1) and 
according to Gouezel [20] this argument can be extended to the operator case. 

Remark 2.5 An immediate consequence of Theorem 12.11 is that Y is a Darling-Kac 
set whenever > |. We refer to Aaronson [3, Chapter 3] and Aaronson, Denker 
& Urbanksi [6, Section 1] for definitions and numerous consequences. Other conse- 
quences include the Dynkin-Lamperti arcsine laws, see Thaler [39]. Indeed our main 
result significantly simplifies the derivation of the arcsine laws, see [4"0] . 

2.2 Preliminaries 

For convenience, we state Karamata's Theorem on the integration of regularly varying 
sequences [H [16] . 

Proposition 2.6 Suppose that i is slowly varying. 

(a) Ifp > -1, then E"=i^0')i P ~ ^(™K +1 as n -> oo. 

(b) The function £(x) = Y^Li^U)^ 1 ^ s slowly varying and lim^oo^ (n)/£(n) = 0. ■ 
The following consequence of (HI) and regularly varying tails is standard. 

Proposition 2.7 There is a constant C > such that \\R(pe^ e+h ^) - R(pe i9 )\\ < 
Cm(\jK)hP and \\R(p) - R(l)\\ < Cm(i)(l - pf for all 6 G [0,2vr) ; p G (0,1], 
h>0. 

Proof We sketch the calculation for the first estimate. By Proposition I2.6[ 

N 

R{pe l{9+h) ) - R{pe id ) < hJ2 iK<P = 3) + Yl ^ = ft < hm ( N ) Nl ^ + m{N)N~^ 

j=l j>N 

so the result follows with iV = \h~ l \- ■ 

By (H2), there exists e > such that R(z) has a continuous family of simple 
eigenvalues X(z) for z G DnB e (l) with A(l) = 1. Let P(z) : B -)> B denote 
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the corresponding family of spectral projections, with complementary projections 
Q(z) = I — P(z) and P(l) = P. Also, let v(z) G B denote the corresponding family 
of eigenfunctions normalised so that J Y v(z) d[i = 1 for all z. In particular, v (1) = 1. 



Corollary 2.8 The estimates for R(z) in Proposition ^ . 7| are inherited by the families 
P(z), Q{z), X(z) andv(z), where defined. 

Proof This is a standard consequence of perturbation theory for analytic families 
of operators [28J. ■ 

We have defined the bounded linear operators T n , R n : B — >■ B given by 
T n v = l Y L n (l Y v), n > 0, R n v = l Y L n (l w=n} v) = R(l { ^ =n} v) } n > 1. 
The power series 

oo oo 

T(z) = J2 T nZ n , zeB, R(z) = J2 R nZ n , zeB, 

n=0 n=l 

are analytic on the open unit disk D, and R(z) is continuous on D by (HI). We 
have the usual relation T n = Y^j=iT n -jRj for n > 1, and it follows that T(z) = 
I + T(z)R(z) on D. Hence T(z) = (I - R(z))- 1 on D. By (H2)(ii), T(z) extends 
continuously to D — {1} via the formula T(z) = (I — R(z))^ 1 . 

Proposition 2.9 There exists e, C > such that \\T(z) - (1 - \{z))- 1 P{z) \\ < C for 
zeBH B e {l), z^l, and \\T(z)\\ <C for z G D \ B £ (l). 

Proof Choose e > so that the family of simple eigenvalues X(z) is defined on 
D n B e (l). For z G D n 5,(1), we can write R(z) = X(z)P(z) + R{z)Q{z). If in 
addition z ^ 1, then we have (in an obvious notation) 

r(z) = (i - \{z))- 1 p{z) + (/ - i?^))-^^). 

By (H2), the second term is uniformly bounded in the operator norm, and T(z) is 
uniformly bounded for z G D \ B e (l). ■ 



2.3 Strategy of the proof of Theorem 12.11 

Our aim is to compute the operators T n defined above. Most of the analysis is carried 
out on the unit circle S 1 , so it is convenient to abuse notation, writing T{9) instead 
of T(e ld ) and so on. For (3 G (|, 1), our treatment follows Garsia & Lamperti [T7] but 
there are some significant differences in two of the three steps. 

The first step, Section [31 is to study the singularity for T{6) at 9 = 0. The 
argument in |17j is scalar and similar results can be found in [151 122] - In our situation, 
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the key is to use the fact that the return time ip lies in the domain of a stable law, and 
a Nagaev-type argument due to Aaronson & Denker [4] shows that (1 — A(0)) _1 ~ 
const Hl/0)- x 6-P when G (0,1). By Corollary EH and Proposition EH T(0) ~ 

const i{\/e)- x e-Pp. 

In particular T(0) G L 1 with Fourier coefficients T n . The second step is to relate 
T n to T n . In the scalar case, [T7] invokes ideas of Herglotz [21] on analytic functions 
with positive real part. A different approach is required here since we are working 
with operators. In Section HJ we verify that T n = T n . 

In the final step, Section [5j we investigate the behaviour of T n as n — > oo, directly 
following [TT] . 

2.4 Tower extensions 

The following tower construction will be required in Sections [7] and [10J 

Starting from the first return map F = f v : Y — > Y, there is a standard way of 
constructing an extension /a : A — > A of the underlying map / : X — Y X. Define the 
tower A = {{y,j) EYxZ: 0<j< (p(y)} and the tower map /a : A — > A given by 
fA(y,j) = (y,j + 1) for j < (p(y) - 2 and f A (y,j) = (Fy, 0) for j = tp(y) - 1. 

The base of the tower {(y, 0) : y G Y} is naturally identified with Y and so we may 
regard Y as a subset of both X and A. Let //a be the unique /A-invariant measure 
on A that agrees with the underlying measure \x on the common subset Y . 

Define the projection it : A — > X, n(y,j) = fiy. Then 7t/a = j" 71 " and 7r*/iA = A 4 - 
Thus /a is an extension of / with the same first return map F : Y — > Y and return 
time function (p : Y — > Z + as the original map. 

3 Asymptotics of T(9) 

In this section, we obtain an asymptotic expression for T{9) as 9 — > + . Throughout, 
G (0, 1). The main part of the analysis is to understand the asymptotics of the 
leading eigenvalue A((9). In certain situations, we obtain a higher order expansion. 
Let eg = — % J °° e %a o~P da. 

Lemma 3.1 Let f3 G (0, 1) . As 6 ^ 0+ ; 

(a) A(0) = 1 - c^(l/0)00(l + o(l)). 
^ T(0)-(1-A(0))- 1 P = O(1). 

r(0) = cpHii/e^e-^i + <>(i))p + 0(1). 

Proof (a) This is part of [4, Theorem 5.1]. (The main ideas of the proof are repro- 
duced later in the proof of Lemma [3.21 and Lemma [4.11 ) 
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(b) By Proposition [51 
T{9) = (1 - \{9))~ l P(9) + 0(1) = (1 - \{9))~ l P + (1 - \{e))-\P{6) -P) + 0(1). 

By Corollary EH P(9) - P < £{1/6)00, so the result follows from (a). 

(c) is immediate by (a) and (b). ■ 

The following expansion for X(9) will be used in proving results on second order 
asymptotics (Section [9]). 

Lemma 3.2 Suppose that fi((p > n) = c(n~^ + H{n)), where c > and H{n) = 
0{n- q ),q>\. Let H^x) = [x]-! 3 - x-P + H([x]) and set c H = H x {x)dx. Then 



A(0) = 1 - ccp9 p + icc H e + 0(9 2p , 9 q ), as9->0 + . 

Proof We follow [4J Theorem 5.1]. Recall that v(9) is the eigenfunction corre- 
sponding to X(9) normalised so that f v(9)dfi = 1. Since t>(0) = 1, it follows from 
Corollary 12.81 that \v{9) — l^ <C 9 13 . Let JFq denote the cx-algebra generated by ip. 
Define the step function ■0(6') : [0, oo) — >■ C given by v{9) o ip = E(v(9)\J r ) and the 
distribution function G(x) = fi(if < x). Then 

\{9) = f Y R(9)v(9) dfi = j Y e ie *v{9) d/i=l + / y (e* v - l)v{9) d/i 
= l + j™{j 6x -l)v e {x) dG(x), 

where sup x>0 \ve(x) — 1| <C 0^ and 1 — G(x) = c{x~^ + Hi(x)). Here Hi(x) = 0(x~~ q ') 
as x — » oo, where q' = min{g,/3 + 1} > 1. In particular, Hi is integrable. 

Write vg = 1 + v\ — v# + iv\ — ivg, where v s e > and sup x |i>|(a;)| <C 9@ for 
s = 1, 2, 3, 4. Define the positive measure dG s e = v s e dG. Then 

poo I /»oo 

A(0) = 1 + / (e ife - 1) dG(x) + V 9s (e ife - 1) dG s e {x) 
Jo s=1 Jo 

/'OO ' /'CO 

= l + i9 e iex (l-G(x))dx + ^2q s i9 e if>x g s {x){l - G{x)) dx, 
Jo s= i Jo 

where q x = 1, g 2 = -1, g3 = i, <?4 = flf|(a?) = /~ dG(u)/ dG(u) < 6» /3 . 
Now, 



DC 



/■OO /'OO 

i0/ e l " x (l-G(x))dx = ic9 e i6x x~ p dx + ic9 e i9x H 1 (x)dx 

Jo Jo 

oo /*oo /*oo 



ic9 p / e m a-" da + ic9 / H 1 {x)dx + ic9 / (e* y:c - l)#i(x) 
Jo Jo Jo 

-ccp9 p + icc H 9 + ic9A 
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where 



poo r°° 
A= (e i9x -l)H 1 (x)dx = / (e idx -l)H 1 (x)dx+ / (e i0x - l)i^i(x) dx 
Jo Jo Ji/e 

pl/9 poo r^-l® r°o 

< 9 i xHi(x)dx+ / H 1 (x)dx<^:9 / x l ~ q ' dx + / x~ q> dx < 9 q '~ 1 . 

It remains to estimate the terms J °° e iex g s e (x){\ — G(x)) dx. We give the details 
for J °° sin 9x g s e (x){l — G(x)) dx; the case with sin replaced by cos is identical. Since 
x I—)- gg(x)(l — G(x)) is decreasing for each fixed 9, we can write 

ptt/o 

sm9xgg(x)(l — G(x)) dx < / sm9x g s e (x)(l — G(x)) dx 

Jo 

<^ / x-^dx^e 2 ?- 1 , 



giving the required upper bound, and the lower bound is obtained in the same way. 



4 Identification of the Fourier coefficients 

Let R n and T n denote the Fourier coefficients of R{9) and T{9). By (HI), R is 
uniformly absolutely summable on S . Therefore R n = R n . In this section, we verify 
that T n = T n for all n > 0. Throughout, (3 G (0, 1). 

Lemma 4.1 There exists e,C > such that \l-X(z)\ > C £(1/0)9? for all z = pe ie E 

Dn5 e (i). 

Proof We start off by mimicking the proof of Lemma 13.21 Consider functions 
v z : [0, oo) — > [0, oo) satisfying either (i) v z = 1 or (ii) |^|oo = o(l) as z — > 1. 
Write z = e~ u+ie , < u, 9 < e. Then the expansion X(z) — 1 leads to a linear 
combination of five integrals of the form 

POO POO 

1= ( e { - u+w)x - l)v z (x) dG(x) = (-u + iO) / e { - u+ie)x g z (x)(l - G(x))dx, 
Jo Jo 

(4.1) 

where g z > and either (i) g z = 1 or (ii) \g z \oo — o(l) as z — > 1. Moreover there is 
one integral of type (i) and we show that this satisfies the desired lower bound, whilst 
the four integrals of type (ii) are negligible. 

Recall that 1 - G(x) = n(<p > x) = £([x])[x] _/3 = x'?h(x) where h(x) = £(x)(l + 
o(l)). Substituting o = 9x, 

POO 

I = (—u + i9)e(l/9)9?- 1 / e- ay e iu g z (a/9)o-Ph(a/9)£(l/9)- 1 da, 

Jo 
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where y = u/9. We estimate the oscillatory integrals in the same way that alternating 
series are estimated in Leibnitz's theorem, making extensive use of the fact that 
a i — v e~ ay g z (a / 9)a~ 13 h(a / 9) is decreasing for each fixed 9,y. 

Write |/| = (u 2 + 9 2 ) 1 / 2 £(1/9)9 I3 ~ 1 A, where in cases (i) and (ii) respectively, 



An) > / cos a e- ay a- /3 h(a/9)£(l/9)- 1 da, 
Jo 

A {U )<([ cos(x+ f sma)e- ay a-> 3 g z (a/9)h(cr/9)e{l/9y 1 da. 



We divide the region y > into the regions y G (0, 1/5] and y > 1/5 where 5 
is chosen sufficiently small. We have the Potter's bounds [34], [7J Theorem 1.5.6]: 
C~V < h(a/9)£(l/9)- 1 < Ca' 1 uniformly in 9 > 0, a G (0,2tt], where C is a 
constant. Hence 



% > -V / e-' 7y a- p h(a/9)£(l/9)- 1 da + 0( e~ ay da) 

2 Jo Vtt/4 ' 

V2 r /4 



^ r ! _„„ , , . p 2 

'tt/4 

e - ay a-^h(a/9)£(l/9)- 1 da + O^tV^ 4 ^) 



pTv/4: , P 7T 

A(ii) < 21^(00 / e- ay a- p h(a/9)l{l/9)- l da + 0[ / e^rfa 

^0 Vtt/4 



fTr/4 

'0 Vtt/4 

Since \g z \oo = we can choose e sufficiently small that 



« Ig.looA^ + Oiy-'e-^) 



|1- A(«)| >n£(l/^)^- 1 |^ 7 e- CT V- /3 /i( ( T/e)£(l/^)- 1 rf(T + 0(?/- 1 e- ( " /4)s/ ; 
Furthermore, 

tt/4 /-tt/4 



For y > 1/8 with 5 sufficiently small, the terms 0(y 1 e ( 7r / 4 ) 2/ ) are negligible so that 
1 - X(z) > u£(l/9)9P- 1 y- 1 = £(1/9)9?. 

It remains to consider the complementary region y G (0,1/5]. Note that 



/ 37r ^ 2 e~ ay cos er cr _/3 da depends continuously on y and is positive for all y > 0. It 

follows by compactness that f^^ 2 e~ ay cos a a" 13 da is bounded away from zero for 

y G [0,1/5]. Moreover there exists b G (0,3/t/2) such that J^ n ^ 2 e~ ay cos a a^ 13 da is 
bounded away from zero for y G [0, 1/5]. By uniform convergence of slowly varying 
functions [7J Theorem 1.2.1], we can shrink e if necessary so that \h(a / 9) / £{1 / 9) — 1| 
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o(l). 



is as small as desired, uniformly in a G [b, 37r/2] and 9 G (0, e]. Hence Au\ > 

J Q 37r//2 cos cre _ °" y cr _ ' 3 h(<r/9)£(l/9)~ 1 da which is bounded away from zero for y G 
(0,1/5]. 

Also, by Potter's bounds for any G 1), 

A {ll) < 2\g,\ 0O / e- CT V-^(a/0)£(l/0)- 1 da < |a z |co / o^' do- < |^| c 
Jo Jo 

Hence Auq is negligible relative to An) and we obtain 1 — X(z) ^> 9£{1/9)9 I3 ~ 1 = 
£(1/9)9^ completing the proof. I 

It is convenient in the next result (and crucial in Section [6]) to discuss the real part 
of an operator. We recall that the operators T n are defined on the real Banach space 
B. Passing to the complexification, there is a natural conjugation u+iv h-> u—iv on B. 
Given an operator A : B — » B, define the conjugate A : B — > B by setting Av = Av, 
and the real part Re A = |(A + A). In the case of the operator T(z) = Y^=o^nZ n , 
this coincides with the definitions T(z) = T(z) and ReT(z) = Y^=o T n Re(^ n ). 

Corollary 4.2 T n = f, n = J Re £ T(e ie )e- ind d9 for all n>0. 

Proof Since = Y^JLo^jZ^ is analytic on the open unit disk D, T n = 

±p- n J* n T(pe i6 )e- ine d9, for all p G (0,1). 

By Proposition E21 T(z) = 0(1) onD\S e (l). Further, on D 5,(1), T(z) = (1 - 
A(^))- 1 P(^) + 0(1) < (1-A(z))- 1 + 0(1). ByLemmaEl ||T(pe ie )|| < £(l/9)- 1 9-^ 
for z = pe ie G © uniformly in p. Since £{1/9)~ 1 9~ 13 is integrable, it follows from the 
dominated convergence theorem (as p — » 1) that T n = T(e l8 )e~ me d9 = T n . 

Since T(z) = T(z), we obtain the expression ~ Re J* T(e l8 )e~ m9 d9. I 

5 Convergence for j3 E (s, 1) 

In this section, we prove Theorem 12.11 for /3 G (|, 1). 

Lemma 5.1 Lei f3 G (|, 1). Lei n > 1, a G [1, n]. T/ien /or any G (0, /?), 

^(n)n 1 ^ f r(^)e- m9 ^«a-^'- 1 \ 

J a/n 

zs asymptotically constant, then the result holds with (3' = (3. 

Proof By Lemma \3Ajc), we have the estimate ||T(0)|| < £{\j9)- 1 9- fi . The proof 
uses this fact together with Proposition 12.71 and follows Garsia & Lamperti [T7J 
p. 231]. We give the details partly for completeness and partly because we want to 
make explicit certain estimates that will be used in Section O 
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First, write 



ptt pir+Tr/n 

/ T(9)e- in9 d9 = - T(9-n /n)e~ ind d9, 

J a/n J (a-\-7v)/n 



SO 

f7v-\-7c/n 



21= T(9)e- ine d9- / T(9 - n/n)e- ine d9 = h + I 2 + h, 

J a/n J(a+ir)/n 

where 

pir+iv/ri p(a+TT)/n 

h= T(9-n/n)e- ine d9, I 2 = T(9 - n /n)e" me d9, 

J 7r J a/n 

I 3 = {T(9) -T(9 -n/n)}e~ me d9. 

J (a+7r)/ra 

Clearly, Ji <C 1/n, while 

/■(a+7r)/n ra+n 

J 2 < / £(l/0)- 1 ^d0<f(n)- 1 n- (1 - /3) / [^(n)/^(n/«7)]<r-^dCT 

J a/n J a 

pa-\-7r 

< £(n)- 1 n" (1 - /3) / a-' 3 ' Ax = ^-W^V^U! + vr/a) 1 ^' - 1} 



«£(n)- 1 n-( 1 -«a-' 3 '. 
By the resolvent identity and Proposition 12.71 (with m(x) = £(x)), 



J 3 « / \\T(9)\\\\T(9-n/n)\\\\R(9)-R(9-n/n)\\d9 

J (a+7r)/n 

/*7T 

< £(n/n)n-P / £(l/0)-^(l/(0 - n/n))- 1 9^(9 - w/n)^ d9 

J (a+7r)/n 
rTT—ir/n 

= £(n/n)n-P / £(1/(9 + 7r/n))- 1 £(l/^)- 1 (0 + n/n)-^ d9. 

J a/n 

By Potter's bounds, £(1/(9 + n/n))- 1 < ^(l/^)" 1 for n# > 1. Hence, 

ptv rnir 

h < £(n)n - ^ / £(l/0)- 2 r 2/3 <J0 = ^(n)- 1 ^-^ / \£(n) / £(n / a)} 2 da 

J a/n J a 



J a 

Altogether, we obtain £(n)n l ~^I <C rT^ + a _/3 ' + a - '- 2 ' 3 ' -1 -' <C ar^' -1 - 1 as required. 
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Lemma 5.2 Let f3 G (0, 1). Let n > 1, a G (0,en). T/ien 

pa/n 

lim lim £(n)n 1 ~ /3 / (1 - \{9)y l e~ in9 d6 = d' 

a— >oo n— >oo p 

where d'g — i j^e^a^ 13 do j j^e^a^ 13 da. 

Proof This is identical to [T7J Lemma 3.4.1] and we give the proof only for com- 
pleteness. By Lemma 13.1 [ we can write (1 — A(^)) -1 = c^ 1 £(l/9)~ 1 9~^h(9) where 
eg = — i f ^V°"<7 _/3 da and lim^o h{9) = 1. Hence 

a/n pa 

(1 - \{9))~ l e- ind d9 = n- 1 / (1 - \(a /n))"^-* da 



-L„-(.L- >i / , -in 

so that 



c^n v " H > j e '"a l3 £(n/a) l h(a /n) da, 



(n)n 1 ^ / (1- X(9)y 1 e- ind d9 = / e- ia a~ p [£(n/£(n/a))h(a/n) da. 



a/n 

i _ \/m — ,m - ,. 
For fixed a, it follows from the dominated convergence theorem that 

pa/n pa 

lim £{n)n 1 ^ / (1 - X(9))- 1 e~ in6 d9 = c^ 1 / e^a'? da, 
n ^°° Jo Jo 

and the result follows. ■ 
Proof of Theorem [27Q (5 G (§, 1). By Section H T n = \ Re /* T(9)e~ ine d9. Let 

D(a, n)= T(9)e- ind d9 - (1 - A^^Pe^™ 6 d# 
Jo io 

pa/n pit 

= / {T(0)-(l-A(0))- 1 P}e- ine ^+ / T{9)Pe~ ine d9, 

JO Ja/n 

so D(a,n) <C a/n + £(n) _1 n _ ^ 1_,3 - ) a _ ^ 2/3 ' _1 - ) by Lemma [3.1( b) and Lemma [5.1[ Hence 
lim a ^ 00 lim n ^ 00 £(n)n 1_/3 P(a,n) = 0. By Lemma E21 lim^oo lim^oo £(n)n 1 ~ >3 T n = 
^Red'p = dp. The result follows since T n is independent of a. ■ 



6 Convergence for /3 = 1 

In this section, we prove Theorem 12. II in the case (3 = 1. There are several differences 
from the case j3 G (|, 1). First, T(e ld ) £ L 1 ; instead it is shown below that ReT(e ld ) 
is integrable. 
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Estimating Re{(l — A(^)) -1 } is slightly easier than in Section H] but estimating 
ReT(z) is harder since Re{(l — X(z))~ 1 (P(z) — P)} is not dominated by Re{(l — 
X(z))" 1 }. As a consequence, ReT(z) = ReT(pe w ) is not dominated by a single 
integrable function of 8, see Lemma [6.41 below. 

We have /j,((p > n) = £(n)n~ 1 , where £ is slowly varying and 'Y^£{n)n~ l = oo. Let 
~£{x) = m(x) = Then I is monotone increasing and lim^oo £{n) = oo. 

By Proposition 12.6( b). £ is slowly varying and £(n)/£(n) — > as n — > oo. Up to 
asymptotic equivalence, we have the alternative definitions £(x) = £{y)y~ 1 dy and 
£{x) = Jq(1 — G(y)) dy where G(x) = fi(ip < x). 

Proposition 6.1 F " S^— d6 = [°° dx ~ J-. 

Jo 6(£(l/6)) 2 J y x(£(x)) 2 £(y) 

Proof Note that — is an antiderivative of £(x)x~ 1 (£(x))~ 2 . I 



6.1 Identification of Fourier coefficients 



Write z = e ~ u+i \ u G [0, 1], G [0, tt]. Given a function g B {x) > with < CO 1 ^ 
for constants C > 0, e G (0, 1), such that a; — > g e (x)(l — G(x)) is decreasing for each 
fixed 9, define 



J c — e ux cosOx g e (x)(l - G(x))dx, J s — e ux sm6x g e (x){\ - G{x)) dx. 
Jo Jo 

Let Ic and Is be the corresponding integrals in the case g$ = 1. 

Proposition 6.2 As u, 9 — > + , 

\I S \ < 6u-H(l/u), I c = £(l/u)(l + o(l)) + O(0«-^(l/«)), 

|/ s | « *(l/0), Ic = €(1/0)(1 + o(l)) + 0{u9~ 1 £(l/9)), 

\Js\ < ^ 2 ~ e «~^(l/w), | Jo | < e*- e vrH{l/v) + fl^l/it), 

|j 5 |<^" 2e , |Jo| <^9 1 - 2e + u9' 2e . 



Proof First, 

\Js\ < %0 







sin 9x 



dx 

oo 



(x) dx <^9\ 



x / 6 
'0 



7(x) 



= f|^|oo«-^(l/w) / e~°%^-da <^9\g e \ 00 u- l £(l/u). 
Jo W«) 

This gives the first estimate for Js and taking gg = 1 we obtain the first estimate for 
I s . Alternatively, we make the substitution o = Ox. Using the oscillation of sin a and 
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the fact that a \-> e ua/d g e (a/9)(l - G{a/9)) is decreasing, 

/•oo 

0< J s = 0- 1 / e- ua / e sin <rg {(j/6){l -G{a/9))da 
Jo 

/*7T 

<9~ l / e- ua/e sina g e (a/6)(l - G(a/6)) da, 



and so \ J$\ < \ge\oo Jq sin a £(a/9)a~ 1 da <C (^^^(l/^), yielding the remaining esti- 
mates for Is and Js- 

In the estimates for J c and Ic, we use the fact that J Q (1 — <ir = £(x)(l + 

o(l)). Note that 

OO P oo 

e~ u:r cos9xge(x)(l — G(x)) dx < \ge\oo e~ a l(a / u)a~ l da <C ^[^,£(1 / u) . 
l/u Ji 

For the integral over [0, l/u], write e~ ux cosOx = {e _nx (cos 9x — 1)} + \er ux — 1} + 1. 
This yields three integrals, the first of which is estimated by \ge\oo 9u~ 1 £(l/u) (like J s ) 
and the second by (^^^(l/u). This leaves /„ gg(x)(l — G(x)) dx <C \ge\oo (1 — 
da; = |^|ooi(l/w)(l + o(l)) completing the first estimate for Jc- Setting g$ — 1 
yields the first asymptotic expression for Ic- The remaining estimate for Jc is ob- 
tained by splitting the range of integration into [0, 1/9] and [1/9, oo) and combining 
the above arguments for J c (first estimate) and Js (second estimate). Again the final 
expression for I c follows by setting g e = 1. I 

Corollary 6.3 Let z = e ~ u+ie £ B e (l), e sufficiently small, u > 0, 9 > 0. Then 

\1 - A(e-« +ie )|- 1 « - J— , for 9 £ [0,u], 
u£(l/u) 

II - A(e- u+ie )T 1 < ^ , for 9>u. 

(u+9)£(l/9Y 

| Re{(l - A(e-« +i9 ))- 1 }| « + ^2 , for 9 > u. 

{u 2 + 9i)e{l/9) {u 2 + 9 2 )£{l/9y 

Proof Recall from the proof of Lemma H~T1 (in particular (14. ip ) that 1 — X(z) is the 
sum of five integrals of the form 



oc 



K=(u- i9) / e { - u+ie)x g z (x)(l - G{x))dx, 



where g z > and either (i) g z = 1 or by Corollary 12.81 (ii) |<7 z |oo = 0{m{l/9)9) as 
9 — > 0. In case (i), K — ulc + 91 s + i[uls — 01c)- I n case (h)> K consists of terms of 
the form uJq, uJs, 9Jq, 9Js- Hence 



Re(l - \{e- u+ie )) = ul c + 9I S + E x , Im A(e" M+ie ) = ul s - 0I C + E, 



2- 
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where E j = 0((\u\ + \9\)(\J C \ + \J S \)), j = 1,2. 

For G [0,u], we use the first estimates in Proposition 16.21 to obtain Re(l • 
X(e- u+ie )) ~ v£(l/u). Hence |1 - X( e - u+ie )\ > | Re(l - X(e- U+W ))\ > u£(l/u). 

For > u we use the second estimates in Proposition 16.21 to obtain 

Re(l - \{e- u+l9 )) ~ u£(l/0) + 0{9£{l/9)), Im\( e - u+ie ) ~ -0/(1/0). 
Hence |1 - A(e-" +ie )| > (w + 9)£(l/9). Finally, 

Rp/n - xr,-+^-n = Re{i-A(e-^)} rJ(i/9) + ee(i/e) 

U 1 JJ 1 |l-A(e-^)P * (^ + 0^(1/0)* ' 
completing the proof. 

Lemma 6.4 For u G [0, 1], 9 G [0,tt], we have ReT(e"" +i9 ) < h u (9) + #(0) w/jere 

_ u~£{l/u) 1 1 « _ 1(1/0) 1 

K{9) ~ ~^+F + ^M 1[0 > u]{6) + 1(1/ 9) u> + 9*> 9{d) -J^9- 

Proof By Proposition 12. 9[ for z = e~ u+%e G B e (i), e sufficiently small, 
T(z) = (1 - X(z)y 1 P + (1 - X(z))-\P(z) -P) + 0(1). 
By Corollary I6.3[ 

Re{(l - X(z))^} « + { - - £ )${m + 



u£{l/u) 1,1 {u 2 + 9 2 )£{l/9) 9£{l/9) 2 
By Corollary ESI P(e" u+ie ) - P(e-' u ) < £(1/0)0 uniformly in u, and P(e 



P(l) <C £(l/u)u. Combining this with the estimates for (1 — A(e "+* 9 )) 1 



(i - \(z)r\p(z) - p(i)) « (*_i M + - — i^_i M W(i/0) +u«(i/«)) 

\llft\ /II. I 17/. -+- r7 lr I 1 / r? I / 



tj£(1/m) 1 ' J (m + 0)£(1/0) 
< 1 H i[o,u] 



u*(l/«) lu ' J « + # 
This proves the result. I 

Remark 6.5 By similar but much simpler calculations, we obtain the estimates 
|Re{(l - A(e ie ))- 1 }| < g(9) for G (0,e) and ReT(e ie ) < g(9) for G (0,vr]. 
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Corollary 6.6 For n > I, \im u ^ £ cos n9 Re T(e~ u+W ) d9 = £ cosn9 ReT(e ie ) d9. 

Proof The function g(9) = jtH^ | lies in L 1 by Proposition 16.11 Note that 

ReT(e- u+ie ) ReT(e ie ) and h u (9) pointwise (for all 9 ^ 0). We claim that 
Jq h u {9) d9 — > 0. The result then follows from the dominated convergence theorem 
(more precisely the extended version stated in [53 p. 92]). 

The claim is easy to check for the first two terms in h u . For the third term 
{0) 

~ l(i/6) u 2 +e 2 > we com P u te for b G (0, tt) that 

pTV pb pTV 1 pTT 

/ k u (9)d9= / k u (9)d9+ / k u (9)d9<^^ u^b + u / 9~ 2 d9 

Jo Jo Jb £(l/b) Jb 



< — u 1 b + ub 1 , 
£(l/b) 



where the implied constant is independent of b and u. Define b = b(u) such that u = 
b(i(l/b))-^ 2 . In particular, b -»■ as u -»■ and so /^(fl) dfl < (^(l/fr))- 1 / 2 -»■ 
as required. ■ 

Corollary 6.7 ReT G L 1 and T n = J cosn# ReT(e ie ) d# /or alln>\. 

Proof The function # i— )■ T(pe %e ) is integrable for each fixed p < 1. Moreover, the 
power series for is uniformly convergent on compact subsets of D, so we obtain 

/* cos n9 Re T(pe ie ) d9 = J2?= Tj(>> ft cos n9 cos j9 d9 = \T n p n . 

By Corollary ESI T n = \p- n ft cosn9 ReT(pe id ) d9 -»■ § /* cosn0ReT(e iO ) (20, as 
p = e -u ->-l. I 



6.2 Asymptotics of T n 

The calculations in this subsection are restricted to the unit circle, so we revert to 
writing T{9) instead of T(e td ) and so on. First we determine the asymptotics of 
Re{(l - A(tf))- 1 } (see also [1]). 

Lemma 6.8 Re{(l-A(^))- 1 } = f g(9)(l+o(l)) as 9 ^ 0+ , where g(9) - °' 



9(£(l/9)y 



Proof By Remark Re{(l - A(fl))- 1 } < g{9). We claim that I s ~ f£(l/0) from 
which the result follows easily. 

Let M > 37T. Since a h-> £(a)/a is decreasing, we have the oscillatory integral 
estimate 



1 r° sin o- i(<r/0) [»wy<Tl{<r/G) 

J s = / 77i » g = / »,-, 77a da + F m , 



£(1/9) J a £(1/9) ' ./„ ^ a 1/0) 
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where 

IFmI < 2 sup «■*"» 



o-6[M-27r,M+27r] Cf£{1/9) 

By Potter's bounds, for any 5 > 0, F M = C^l/M 1 " 5 ). Hence, lim^^l/fl) -1 ^ = 
Jo * ^da + 0(1 /M l - & ). Let M -»■ oo to verify the claim. I 

Corollary 6.9 Lei a > 0. T/jen lim^^n) J a/n Re{(l - A(fl))- 1 } d# = f . 

Proof By Lemma |678| we can write Re{(l — A(6')) _1 } = \g{9){\ + h(9)) where 
h(9) = o(l) as 9 — > + . Let H{n) = sup 0g j Oa / n ] \h(9)\, so iL(ri) = o(l) as n — > oo. 
Then 

/ Re{(l-A(0))- 1 }^ = - / g(9)d9 + 0(H(n) g{9)<ffl). 
By Proposition 16.11 J^ n g(9) d9 = lin/a)^ 1 . Hence 

£(n) / Re{(l - A(tf))- 1 } M = -j+frO- + oQ)) ? , 

as n — 7- oo. ■ 

Proof of Theorem [27Q /3 = 1. By Remark EH and Proposition I21fl». T(0) < 
(6£(1 / 9)) -1 . Let 5 > 0. By the argument in the proof of Lemma [5. 1[ we obtain 

£{n) £ /n cosn9T{9) d9 < tH 1 "*), (6.1) 
for oG[l,n],n>l. Also, we have 

£{n) j° /n cosn9T{9) d9 = £{n) f Q a/n cos n9 (1 - A(tf))- 1 d9 P + 0(an-^). (6.2) 



By Lemma [6.81 

£(n) J* /n {cosn9 - 1) Re{(l - X(9)y 1 } d9 

<£(n)/ a (cos(J- l)£(n/a)(£(n/a))- 2 o- l da <^ £(n){l{n))- l a. (6.3) 

Combining estimates (16. ip . (16. 2p and (16. 3 p with Corollary 16.91 we obtain 
lim lim £{n) / cosn# ReT(9) d9 = -P, 

a— >oo n— >oo 2 

and hence £{n)T n — > P by Corollary 16.71 I 
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7 Pointwise dual ergodicity 

In this section, we give an elementary proof of pointwise dual ergodicity for the class 
of systems under consideration for all (3 G (0,1]. We assume our general framework 
from Section [2, except that we do not require H2(ii). 

(£(J-)-i-(l - s )-ip 8 = 1 

Proposition 7.1 T(s) ~ <^ Kl ~ sJ \ , ' a ' as s ->• 1~. 

1 ; \r(i - 8)-H{^)-\i - 8 )-Pp, 8 G (0, 1), 

Proof This is similar to the proof of Lemma IXTj but much simpler since the integrals 
are absolutely convergent. By Proposition I2.9[ for s G (1 — e, 1], 

TOO = (1 " K'T'P + (1 - Hs))-\P(s) - P) + 0(1). 

By Corollary 12. 8[ P(s) — P <^ m(^-)(l — s)@, so it suffices to establish the desired 
asymptotic expression for (1 — A(s)) _1 . 

Setting s = e~ u we have A(s) = 1 + (e~ ux — l)v u (x)dG(x) , where G(x) = n((p < 
x) and \v u — l|oo = o(l) as u — > 0. Writing dG u = v u dG and integrating by parts, 

poo poo 

X(s) = l+ (e~ ux - l)dG u {x) = 1 - u / e- ux g u (x)(l-G(x))dx, (7.1) 
Jo Jo 

where \g u (x) — l|oo = o(l) as w — > 0. 
If 8 G (0,1), then 

\{s) = 1 - £{l/u)u p / e^ u (a/M){£(cr/M)£(l/M)- 1 }(T-' 3 <fu. 



By the dominated convergence theorem, X(s) = 1 — T(l — 8)£(l/u)u^(l + o(l)). The 
result follows since it = — log s = 1 — s + 0((1 — s) 2 ). 
If 8 = 1, then picking up from (17.11) . 

jo°° e~ ul '5' u (a;)(l - G(a;)) rfx = J*'" g u (x)(l - G(x)) dx 

+ Jo /U ( e ~ ux - " G{x)) dx + e- ux g u {x){l - G{x)) dx. 

The last two integrals are 0(£{l/u)), and J^ /u g u (x)(l-G(x)) dx = (l + o(l)) /„ 1/u (l- 
G(x)) dx ~ £(l/u) by definition of £. I 

Theorem 7.2 Lei u G L\X) and 8 G (0, 1]. Then 

n „ 

lim m{n)n~P > Z7u = 8~ l dp I vdfi, almost everywhere on X. 

7=1 JX 
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Proof By [3J Proposition 3.7.6] (see also the proof of Proposition I10.2p . it suffices 
to prove pointwise dual ergodicity on the tower A defined in Section 12.41 Let : 
L 1 (A) — > iv 1 (A) denote the transfer operator on A. Note that T n v = lyL^(lyt>) 
coincides with our usual T n . By the Hurewicz ergodic theorem [26], it is enough 
to prove that ^(1)1"^"^^ — > jS^dp j A v dfi almost everywhere on A for the 
particular choice v — \y. 

Let y G Y. For f3 G (0,1), Proposition Ogives (T(s)v)(y) ~ r(l - f3)£(-^)- 1 {\ - 
s)~P JyV dfi as s 4 1~. By (the discrete version of) the Karamata Tauberian 
Theorem [27] [HH p. 445], [ID Proposition 4.2], it follows that J2]=i( T j v )(y) ~ 
f3~ 1 d^£(n)~ 1 n 13 f Y v dfi as n — >■ 00. Similarly for (3 = 1. 

Finally, let p = (y,j) be a general point in A. Then (L\v){p) = (L A ~ J v)(y,0) = 
{T n ^v){y) for all n > j. ■ 

An immediate consequence is the Darling-Kac law [10J . Recall that a random 
variable Aip on (0, 00) has the normalised Mittag-Leffler distribution of order (3 if 
E(e zM ^ = £~ T(l + (3y Z P/T(l + p(3) for all z G C. 

Corollary 7.3 Let v G L l {X), v > 0, J x vdpL = I, and let /3 G (0, 1]. Then 

n 

m(n)n _/3 v o fi — )> d as n — )■ 00. 
i=i 

The convergence is in the sense of strong distributional convergence: convergence in 
distribution under any probability measure absolutely continuous w.r.t. fx. 

Proof This follows from Theorem 17.21 by Aaronson p], [31 Corollary 3.7.3]. ■ 

To conclude the section, we mention a simple consequence of Theorem 12.11 which 
gives uniform convergence on Y in the pointwise dual ergodic theorem for > | for 
sufficiently regular observables. 

Proposition 7.4 If f3 G then lim^oo m(n)n _/3 J2]=i Tj = &~ X dpP. 

Proof By Theorem 12.11 T n = m(n)~ 1 n^ ( - 1 ^^d^P + S n where \\S n \\ = 
o{m{n)~ l n~^^). Hence 

n n n 

m(n)n~ p 7) = m{n)n^ ^ ^OT^T^ d p P + m(n)n _/3 ^ Sj. (7.2) 
j=i j=i j=i 

By Proposition 12.6( a). Y^=i m (j) ~ X j ~ /3~ 1 m(^^) _1 r^ ,3 , so the first term on the 

RHS of (17.21) converges to the desired limit fi~ x dpP . 

Let 5 > 0, and choose n such that HS^H < ^(n)" 1 )!"' 1 "^ for n > n . Then 
E"=i \\Sj\\ < E"=i ll'S'jll+E^no+i^O') -1 ^^^- Applying Proposition Ha) once 
more, we obtain limsup n _ >00 m(n)n~P Y^ij=i W^jW — Since 5 > is arbitrary, 

the second term on the RHS of (17. 2p converges to zero. ■ 
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8 Results for (3 e (0, \] 

In this section, we prove Theorems 12.21 and 12.31 

Proof of Theorem 12.21 If f3 G (0, ~], then the proof of Theorem 12.11 breaks down 
only in the estimation of I3 in Lemma 15.11 

(a) When (3 = |, it is evident from the proof of Lemma 15.11 that ^3 <C 
£(n)n~^ f™, £(l/9)~ 2 9~ 1 d9. The remaining estimates are 0{l{n)~ 1 n~^) as before. 
By Proposition 12.6( b). £(n) 2 J™, t{l/6)~ 2 6~ 1 d6 — )■ 00 as n — )■ 00. Hence the estimate 
for 1 3 is the dominant one. 

(b) For /3 G (0, |), h < £(n)n-P ^ £{\IQ)- 2 Q-^ d6 < l{n)rr^ . The remaining 
estimates are 0{l(n)~ l n~( 1 ~~^) as before. 

(c) If Pv = 0, then ||T(^)u|| <C \\v\\. Hence the resolvent identity 

{T{6) - T(0 - ir/n)}v = T(6)(R(0) - R{6 - ?r/n))T(0 - n/n)v 
yields \\{T{6) - T{6 - ^/n)}v\\ < i{\jQ)- l Q-n{n)n-^ '. It follows that 

2T n v= / {T(9)-T(9-n/n)}e^d0 4Ze(n)n- p \\v\\, 
Jo 

as required. ■ 
Next, we establish the lower bound in Theorem 12.3( b). 

Proposition 8.1 If (3 G (0,1), then \im'mi n ^ 00 i{n)n 1 ~^T n v > dp fyvdfi pointwise 
on Y for all v > 0. 

Proof For any m > 1, we can write 

T — (I — R)- 1 = I + R + -.. + R" 1 - 1 + T (m) , T (m) = ir(I - R)- 1 . 

Since i? is a positive operator, we deduce that (T n v)(y) > (Tn v){y) for all v > 0, 
y G y, m > 1. Choosing m = b n ~ bl{n)~ l n p , b > 0, as in [T71 Theorem 3.6.1], we 
obtain £(n)n 1_/3 Ti b ™' ) ~ dfjP, where c/^ — ^ c/^ as 6 — ^ 0, and the result follows. I 

The following result is well-known (see Theorem 2.9.1], [17] ) but stated in a 
slightly different form, so we provide the proof for completeness. 

Proposition 8.2 Let f n be a sequence in R and let A G R, Suppose that (3 G (0, 1), 
t/jai £(n) zs slowly varying, and that 

(a) liminf n _ >00 £(n)n 1 ~ /3 / n > A, 

(6J lim^^n-^E^i/i =/3 _1 A 
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Then there exists a set E of density zero such that lim n ^ 00j n ^ l(ri)n l & f n = A. 
In particular, lim inf lin)n l ~^ f n = A. 

Proof Our proof is modelled on [321 P- 65, Lemma 6.2]. 

By Proposition [22(a), E?=i^(j) _1 i" (1 ~^ ~ /T^n)" 1 ^. Let = 
£(n) _1 n^ _1 M. Then (b) is equivalent to lim n _ >00 £(n)n - ^ E/=i = 0- Hence we 
may suppose without loss that A = 0. In addition, there is a monotone increasing 
function g(n) such that £(n)ra 1_/3 ~ gf(n) (see for example [7, Theorem 1.5.3]). Hence 
we may suppose that £(n)n 1 ~ 13 is increasing. 

Define the nested sequence of sets E q — {n > 1 : £(n)n 1_ ^/ n > 1/?}- We claim 
that each £^ has density zero. Let 5 > 0. By (a), there exists n > 1 such that 
l{n)n l ~^ f n > —5 for all n > n . Hence 

-, n n n 

n no n 

= q£(n)n-e (E £ - £ /i^O') - E /i^O')) 

j=l j=l n +l 

n no n 

< g£(n)n^ E /i + l^n? £ l/il + E ^O')" 1 /" 1 * 

i=i i=i «o+i 

= qe(n)rT p E £ + 0(£(n)rr fi ) + 0(5). 

By (b), limsup^oo ^ Ej=i 1^0) = ^(^) an d the claim follows since 5 is arbitrary. 

By the claim, there exist 1 = zo < h < 12 < • • • such that - Ej=i 1-E«0) < Vs 
for n > z g _i, q > 2. Let = Ugli -^9 ^ (V-i> z 'g)- If n & E and n < z ? , then n G 
Hence for i q _ x < n < i q , we have ± YTj=i 1 eU) < ~ E"=i W-?) ^ V?> verifying that 
has density zero. 

On the other hand, if n E and % q ^\ < n < i q , then n ^ E q and so 
l{n)n x ~P f n <l/q. Hence limsup„_ s>00j n ^ B £(n)n 1_/3 / n < 0. Combined with assump- 
tion (a), we deduce that lim n ^. 00j n gE £{n)n l ~^ f n = and the last statement follows 
immediately. I 

Proof of Theorem 12.31 Part (b) is stated for v > and in part (a) we can break 
v into positive and negative parts. Hence without loss we may suppose that v > 0. 

By Proposition 18.11 and Theorem I7.2[ we have verified the hypotheses of Proposi- 
tion [8T2] with f n = (T n v)(y) and A = dp J y vdfi. The result is immediate. ■ 
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9 Second order asymptotics 



In this section we prove results on second order asymptotics and higher order asymp- 
totic expansions under assumptions on the asymptotics of fi(ip > n). Throughout, 
we suppose that £(n) is asymptotically constant (and that > |). In Subsection 19.11 
we consider the case when G (|,1). The case — 1 is covered in Subsection 19.21 
Error terms in the Dynkin-Lamperti arcsine law are obtained in Subsection 19.31 



9.1 Second order asymptotics for (3 G (|, 1) 

We assume that > n) — c(n~P + H(n)), where H{n) = 0(n~ 213 ) and c > 0. (It is 
easy to relax this to the more general hypothesis that H(n) = 0(n~ q ), q > 1. However 
the formulas become more complicated and our assumption is satisfied by (II. ip .) 

Recall that ch = J °° H\{x) dx where Hi(x) = [x] _/3 — + H([x]). Define 
£p = J °° e ±m a~ p da, < p < 1, so cp = — i£t, and recall that eo = icn/cp. 

Set d' Ptj = e^^^/cp = ie^+ij/j-j/Q" and d 0,o = \ Red kj- 
We note that dp^ = dp = - sin f3n > 0, and that either dpj = for all j > 1 or 
dpj for all j > 1. Moreover, the latter situation is typical. 

Theorem 9.1 Suppose that f3 G (|, 1) and that fi((p > n) = c(n~P + H{n)), where 
H(n) = 0(n~ 2/3 ) and c> 0. Let 7 = min{l - /?, /3 - \}. Then 

n l ~^T n = c~ l dpP + 0(n" 7 ). 

Moreover, if E (§, 1), tfien limn-** n x ~^{n x ~^T n - c~ x dpP} = dp A P. 

Remark 9.2 For /3 close to 1, we obtain higher order asymptotic expansions. There 
exist constants dpj G K., j > with <ig i0 = ci/3, such that for each q — 0, 1, 2, . . ., 



n i-/?T n = c- 1 !^^-^ 1 ^ + 0(n-^+ 1 )( 1 -«)}p + 0(? 

j=0 



lhus, n p i n = < -. and so on. 

[c~ 1 dpP + c~ 1 dp, 1 n-( 1 -Vp + 0(n-^-5)), /3G(|,|] 

Corollary 9.3 n _/3 2~^j=i^j = c^ 1 f3^ 1 dpP + 0(n~ 7 ) uniformly on Y. 
Proof Specialising the proof of Proposition I7.4[ we have 

n n n 

n -f> T 3 = n~ p r {1 ~ P) c-'dpP + ^ Sj, 

i=i i=i 3=1 
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where Sj = 0{j~^+^). Now EJ=i = /"aT^ dz + 0(l) = /TV + 0(1), 

andE;=i^ = 0(n^). ' I 

In the remainder of this subsection, we prove Theorem 19.11 

Proposition 9.4 (1 - A(^))" 1 = c -1 ^ 1 £\ ej0-^ +1 ^ - ^ + ^K 1 ); w/iere t/ie SWi «' s 
oi>er those j > wift (j + l)/3 — j > 0. 

Proof By Lemma E21 1 - A(0) = cc^l - e o 1_/3 + O(^)). Now invert and note 
that (1 - e^-P + O(^))" 1 = E^o^ 1 ^ + C(^). I 

Proposition 9.5 Let n > 1, < a < en. Then 

ra/n 

n 1 '? / (1 - \(9))~ 1 e~ in6 dQ 
Jo 

= c ~' £ + °E n- J "( 1 -«o-^+ 1 ^-^) + 0(an A 

and tae sttms are over iaose j > wift (j + l)/3 — j > 0. 
Proof By Proposition 19. 4} 

ra/n ra/n 

/ (1 - A(0)) _1 e-** dQ = c" 1 ^ 1 V e J / 0-((3+i)0-i) e -** d0 + 0(a/n) 

= cT V V ejn-y +1 ^ 1 -« f a-^'+^e-^ da + 0(a/n). 

Hence 

n 1 ^ / (1 - A(0)) _1 e~ in<9 d6 

roo 
*/ a 

yielding the required result. I 

Proof of Theorem ED By Lemma O, n 1_/3 £ /n T(9)e~ ind dQ < a"^" 1 ). For 
G [0,a/n] C [0,e], T(0) = (1 - A(0)) _1 P + 0(1) by Lemma 0(b). Hence, 

n i-P f W T(6)e- ine d6 = n 1 -? {I - A^))"^"^ d6 P + C^an^) + 0(a"( 2/3 ~ 1 )). 
Jo Jo 

Taking a = n l l 2 we obtain the error term 0(n~^~^) and the result follows from 
Proposition 19.51 and Corollary 14.21 I 



o 
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9.2 Second order asymptotics for (3=1 

Theorem 9.6 Suppose that fi((p > n) = c(n~ l + H(n)) where c > and H(n) = 
0{n- q ), q > 1. Let Hi(x) = [x]" 1 - x~ l + H([x\), x > 1 and H x (x) = \, x G [0, 1). 
Then 

(log n)T n = c- l {\ - f™ rfx (logn)' 1 + 0((logn)- 2 )}P + 0((\ogn)*rrh). 

Corollary 9.7 (logn)n -1 Y^j=i Ij = c _1 P + (^((logn)" 1 ) uniformly on Y . 
Proof As in the proof of Corollary 19.31 we have 

ran n 

(hgn)^ 1 ^^ = (logn)n -1 ^(log iY l cT l P + (log n)n _1 ,5,, 
j=i j=i j=i 

where \\Sj\\ = 0((logj)~ 2 ). Integration by parts yields ^^(logj)" 1 = n(logn) -1 + 
f^(\ogx)~ 2 dx + 0(1) = n(logn)- 1 + 0(n(logn)~ 2 ) while J2]=i S j < ™(logn)~ 2 . ■ 
In the remainder of this subsection, we prove Theorem 19.61 

Proposition 9.8 Let Ch = /^(coscr — \)a~ l da + J°° cosaa^ 1 da + J °° Hi(x) dx. 
Then 

Re{(l - A(tf))- 1 } = c- 1 ! r^log I)' 2 - c^chttO- 1 (log ±)~ 3 + O^Qog ±)" 4 ). 

Proof Without loss of generality, we may suppose that q G (1,2). Recall that 
G(x) = for x G [0, 1) and l-G(x) = c(rr _1 +.ffi(x)) for x > 1 where H 1 (x) = 0(x~ q ). 
In particular, Hi G L 1 . Write 

Jc = Jo°° cos — G(x)) dx = c cos 6*x x~ l dx + c cos #x Hi (x) dx. 

Now, 

Jj 00 cos 6x x~ x dx = f^ d x^ 1 dx + 1 (cos #x — l)x _1 rfx + J*^ cos #x x _1 dx 
= log | + Jq (cos a — I) a^ 1 da + cos a a" 1 da + 0(6*), 

and 

cos 9x Hi(x) dx = f °° Hi(x) dx + J^ d (cos9x — l)Hi(x) dx 

+ /-^(cosflx - l)Pi(x) cfe = J^Hi(x) dx + 0(6 q - 1 ). 

Hence I c = clog| + cc H + 0(6»' 2 " 1 ). Also, 

Is = Jo°° sin #x(l — G(x)) dx = c sin 9x x -1 dx + c J °° sin (x) dx 
= cj™smaa- l da + 0(6 q - 1 ) = f + 0(6 q - 1 ). 
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Hence 



Re(l-X(9)) = f9(l+0(9^ 1 )), ImA(^) = ^(logi)(l + CH(logi)- 1 + 0((logi)- 2 )), 
and the result follows. ■ 

Lemma 9.9 If a = O^n 1 ^ 5 ) for some 5 > 0, then 
(i) (logn) J 2 /n cos n9T (9) d9 < a' 1 . 

(it) (logn) f Q o/n cos n0{T(0) - (1 - \{9))~ 1 P}d9 < an" 1 logn. 

Proof (i) Since T{9) = (1 - A(0)) _1 P + 0(1), we have ReT(9) < ^(logtf)- 2 for 
G [0, e] and T{9) <C 1 for 9 G [e, 71*]. The integral splits up into three parts as in 
Lemma [5. II As usual I\ <C n -1 . Next, 



f(a+Tr)/n /•(a+ir)/n 

/ 2 < / Rer(0)tze< / e- 1 (\o g ey 2 d9 

J a/n J ajn 

< (Ma/n))- 1 - (log((a + vr)/n)) 



— i ,. v / log((a + 7r)/n) -log(a/n) 



log(a/n) log((a + 7r)/n) 



Since a = 0(n x 5 ), we deduce that J 2 <C log(l + ir/a) (logn) 2 <a x (logn) 2 . 
Finally, R(6 + h) - R(9) < /i -1 log ft, by Proposition E3 so 

J 3 « J ( I +7r)/n TO II - 7r/n)|| \\R(6) - R{9 - ir/n)\\ d6 « (lognjn-^l + A) 

where 

« f a 6 /n (# bg #)- 2 de + / 6 e (e bg ^)- 2 de « (i og &)- 2 f a fc /n e- 2 ^ + (6 log 6)- 2 /; 1 ^ 

< (log by 2 n/a + (6 log 6)~ 2 . 

Taking 6 = n - ^ 5 say, we obtain J 3 <C (logn) _1 (a _1 + n - ^ - ^) <C (logn)^ 1 ^ 1 . 

(ii) This is immediate since T{9) = (1 - A(^))" X P + 0(1). I 

Proof of Theorem 19.61 We use Proposition 19.81 to estimate f^ n cos n9 Re{(l — 
\(6))~ 1 }d9, discarding all terms that are 0((logn)~ 3 ), bearing in mind our eventual 
choice a = . 

First we note that for j > 2, 

J a/n 9-\logl)^d9 = -L-(log^-V « (logn)-(^ 1 ). (9.1) 

In particular, taking j = 4 disposes of the O(0 -1 (log |)~ 4 ) term. 
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Next we consider the 9 1 (log|) 3 term. Using properties of oscillatory integrals, 
J^cosnflfl-^logJ)- 3 ^ = cosa a' 1 (log ^)~ 3 da < (logn)- 3 , 

and 

/ o 1/n (cosn0-l)e- 1 (logi)- 3 ^ = / o 1 (cos(7-l)(7- 1 (log2)-3 ( i ( 7< (logn)- 3 . 
Taking j = 3 and a = 1 in equation (19.1 p , we deduce that 

J a/n cos n0 e-\log l)- 3 d6= | (logn) ~ 2 + 0((logn)- 3 ). 

log Tl log CT 

To deal with the _1 (log 4)~ 2 term, we use the identity - — - = 1 + ; -. So 

v 91 log- log- 

f*{™ cos n8 (log j})~ 2 d9 = (logn)~ 2 / 1 a cos(T(7~ 1 {logn/log^} 2 (i(T 



= (log n)~ 2 J"" cos a a -1 rfa + 0((logn) -3 ) = (logn) -2 J, 00 cos era -1 rfa + 0((log 



n 



and 



/ o 1/n (cosn0 - l^Qog J)~ 2 d0 = (logn)- 2 Jo (cos a - l)a- x {\ogn/ log ^} 2 do- 



(logn)" 2 /^(coso- - l)^- 1 rfa + 0((log-^ 3 



n 



Taking j = 2 and a = 1 in equation (19.1 1) , we deduce that 

J a/n cos n0 0- 1 (log | ) - 2 d0 = (log ti) - 1 + A (log n) - 2 + O ( (log n) - 3 ) , 

where A = /^(cosa — l)a~ l da + cos a cr _1 da. 
Combining these results, we obtain 



n 



1 1 



| £ /n cosn9 Re{(l - A(^))- 1 } d0 = c" 1 - c" 1 ^(x) dx (logn)- 1 + 0((log 
which combined with Lemma [9~^1 (taking a = nh) gives the required result. 



9.3 Convergence rates in the arcsine law 

As mentioned in Remark 12.51 a consequence of Theorem 12.11 is that the Dynkin- 
Lamperti arcsine law for waiting times holds when > ~. In fact, the arcsine law 
holds for AFN maps for all /3 [33]. See also [391 SI] f° r more general transformations. 
Here we show that our results on second order asymptotics yield a convergence rate. 
For x e U" =0 f- j Y, n > 1, let 

Z n {x) = max{0 < j < n : f 3 x E Y}, 
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denote the time of the last visit of the orbit of x to Y during the time interval [0, n}. 

Let C/3 denote a random variable distributed according to the £>(1 — (3, (3) distri- 
bution: 

where dp— - sin j3n. 

Corollary 9.10 Suppose that (3 G (|, 1) and that [i(ip > n) = cn~P + 0(n~ 2/3 ), where 
c> 0. Let 7 = min{l - - \}. 

Let v be an absolutely continuous probability measure on Y with density g G B. 
Then there is a constant C > independent of v such that 

\u{lZ n <t}-¥{C p <t)\<C\\g\\rr\ 
Proof Following Thaler jlQ], we notice that 

v{\Z n <t}= v(r 3 W>n-j}), (9.2) 

0<j<nt 



v{f i{ip>n-j})= / l {tp>n -j} o f l Y g dfj, = / l {ip>r ^ j} L J (l Y g)dfi 

J x J x 

= J l{ v >n-i} Tjgdfx. 

By Theorem EH T 3 g = c^dpj-^ (l + 0{j-^~^) + 0{\\g\\j~^~^)) uniformly on 
Y. Combined with the assumption on fi(ip > n), we obtain 

v{f~ 3 W > n-j}) 

= dpj-^\n - + 0(j~^) + 0(\\g\\j-^)) (1 + 0((n - j)^)). 

Since functions of the form s~ a (n — s)~ b have only one turning point, replacing the 
sum in (19. 2\i by an integral introduces only three errors all of order HgH^ -1 and so 
li{\Zn <t} = dpi + 0(\\g\\n- 1 ), where 



nt 

S 



-(!-«(„ - s)- p (l + 0(s- {1 ^) + 0(\\g\\s-^-^)) (1 + 0((n - s)- p )) ds 



t 

vT {1 - p \l - u)-P du + 0(n- (1_ft ) + 0(\\g\\n-^-^ 



as required. 
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Remark 9.11 (a) The proof shows that for any q > 0, 
v{{\Z n < t}) = J^PCOw < t)n-W-» + Oin-^ 1 -®) + 0{\\g\\ n -^). 

k=0 

where (^,k is the random variable with density proportional to u~ k ^~^(l — u)^ 13 and 

6/9,* = <W £ u-^^^Cl - u)^ du. Here & A „ = 1 and foi = Cp- 

Thus for ft close to 1, we obtain asymptotic expansions to arbitrarily high order, 
and the error rate n -7 is optimal for ft > |. 

(b) For x G X, let Y n (x) = min{/c > n : f k x G K}. Then > n if and only if 
Z n < k so that the arcsine law is equivalent to strong distributional convergence of 
~Y n to C^ 1 (see for example [M]). It is easily verified that the convergence rate in 
Corollary 19. 101 holds also for ^Y n . 

10 Convergence results for L n 

Sections [2] to |9] were concerned with the analysis of the sequence of renewal opera- 
tors T n given by T n v = lyL n (lyt>). An important issue is to study the iterates L n 
themselves. In Subsection 110. 1} we show how convergence on Y implies convergence 
almost everywhere on X. In Subsection 110.2} we consider observables not supported 
on Y . 

10.1 Convergence on X 

Theorem 12.11 gives (uniform) convergence results on Y for observables v G B. Recall 
that Y can be regarded as a first return set for both the underlying system / : X — > 
X and the tower map /a '■ A — > A introduced in Subsection 12.41 We now show 
that observables v G B enjoy pointwise convergence everywhere on A and almost 
everywhere on X. 

Proposition 10.1 Let v G L 1 (A) ! w n G E, A G E. Suppose that w n L\v — > A 
pointwise on Y . Then w n L\v — > A pointwise on A. 

Proof Let p = (y,j) G A. Then f A J p consists of the single preimage (y, 0) = y, and 
w n (L n A v)(p) = w n (L n A - j v)(y) -> A. ■ 

Let it : A —¥ X be the projection ir(y,j) = py. Let 1 < p, q < oo, ^ + - = 1. 
Define vr* : D>(X) ->■ Z^A), ir*v = v o vr, and by duality define tt : L"(A) -> L 9 (X), 
J a ttv w dfix = j x v tt*w dfi^. As usual, ||7r*|| p = ||7r|| 9 = 1 and we have the standard 
properties 7rl = 1, inr* = /, ttLa = Lit, 7t(l n -iEv) = Iettv. 

Proposition 10.2 Let v G ^(A), w n G R, A G R. Suppose that w n L\v -> A 
almost everywhere on A. T/ien w n L n Trv — > A almost everywhere on X . 
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Proof Suppose for contradiction that E C X is a set of positive finite measure such 
that everywhere on E, w n L n ifv fails to converge to A. By assumption, w n L\v — > A 
almost everywhere on tt~ 1 E. By Egorov's Theorem, there is a subset C C tt~ 1 E of 
positive measure such that w n L\v — > A uniformly on C. Indeed [i^ir^E \ C) is 
arbitrarily small, and since 7r has only countably many branches it follows from an 
e/2 k argument that we can choose C = -k~ x E' where E' is a positive measure subset 
of E. 

In particular, \\l w -i E > (w n L^v — A)\\i<x>^ — > and since 7r : L°°(A) — > L°°(X) 
is bounded, ^{i^-i E'{w n L\v — A)}||^oo(^) — > 0. But ^{l^-iEiivjnU^v — A)} = 
Ie'K {w n L\v — A) = l E '(w n L n nv — A) so we conclude that w n L n 7rv — > A on E' which 
is the desired contradiction. I 

Corollary 10.3 If f3 E (|, 1] and v G B, then lim n _ 5 . 00 m(n)n 1_/3 L ra f = dp f Y vd/i 
uniformly on Y and almost everywhere on X . 

Proof Since v is supported on Y, we can regard v as an observable on A or on X 
and ttv = v. Also, T n v = \yL n v = lyL\v. Theorem 12.11 immediately implies uniform 
convergence on Y . By Propositions 110. 11 and [TTJT2| m{n)n l ~^ L\v converges pointwise 
on A and m(n)n 1 ' v converges almost everywhere on X. I 



10.2 Convergence for general observables 

In this subsection, we enlarge the class of observables so that they need not be sup- 
ported on Y. Define X k = f' k Y \ (jjlj f~ j Y. Thus z e X k \i and only if k > is 
least such that f k z G Y . (In particular, Xo = Y .) 

Given v G L°°(X), define v k = ^x k v. Then L k v k is supported in Y and L n v k 
vanishes on Y for all n < k. If n > k, we have lyL n t>fc = T n _ k L k v k . 

Write v G B(X) if v G ^(X) and L fe w fc G £ for each k > 0. 

Theorem 10.4 Let /3 G (|,1]. Suppose that v G i3(X) an<i ^ll-k^fcll < °°- Then 
lim n ^. 00 m(n)n 1 ~ l3 L n v = dp j x vdfi uniformly on Y and pointwise on X. 



Proof Let w n = d^mir^n 1 13 and Cj t , 
where S n = o(w~ 1 ). Hence on Y, 



1. By Theorem^ T n = w- l P + S r , 



W n L n V - Jv = Wn^T^jVVj - Jv < VWn^W^jUVj - Jv 



j=0 



3=0 



^ || S n —j I 

3=0 



\Uv 3 \ 



< ^ C 3,nI\ V 3\+ W n^\\Sn-3\\W V 3\\+^I\'' 



3\i 



3=0 



j=0 



j>n 



It is immediate that the third term converges to zero. Also J \vj \ is summable and 
lim^oo Cj tn = for each j, so the first term converges to zero. Similarly, the second 



32 



term converges to zero since Hindoo HS^-jH^n = for each j. This completes the 
proof of uniform convergence on Y. 

To prove pointwise convergence on X, define u = n*v : A — y M. and note that 
txu = v. Also define A k = f A k Y \ \Jjl£fe j Y. Then A = Y and for k > 1, 
A/,, consists of those points (y,j) G A with j = <p(y) — k > 0. Note also that 
n~ l X k C A fc (since (y,j) G tt -1 ^ if and only if py G X fc , that is (p(y) = j + k). 
In particular, u k = 7i*Vk is supported in A*.. Hence L A Uk is supported in Y and 
L\uk = TiL\uk = L k TiUk = L k Vk- In particular, \\L A u\\ < 00 an d the argument 
above shows that w n L\u — >• f A u dfiA uniformly on Y. By Proposition 110. 1[ pointwise 
convergence extends to A. By Proposition 110.21 pointwise convergence for u drops 
down to pointwise convergence for v. I 

Note that Theorem 110.41 includes the case where v is supported on Uj=o -^-i ^ or 
some k, and hence significantly extends Theorem 12.11 

In the next result, we extend Theorem 12.31 an d we drop the requirement that 
^ ||L fe t'fc|| < oo in Theorem 110.41 

Proposition 10.5 Let (3 G (0, 1] and v G B(X). 

(a) For each y G Y , there is a zero density set E C N such that 
\\va n ^ >n ^ E m(n)n l ~ p (L n v)(y) = dp j x vdfi. 

(b) lfv>0, then liminf^oo m(n)n l ~ l3 L n v = dp j x vdfi pointwise on Y. 

Proof Let w n = dg 1 m{n)n l ~^ . By the argument in the proof of Theorem 12.31 
it suffices to prove the > inequality in part (b). Let v > and define v(k) = 
Ylj=o v j- By Theorem 12.3( b). liminf^oo w n lyL n v > liminf^oo w n lyL n t>(A;) = 
^ =0 lim inf n ^oo w n l Y L n Vj = Ylj=o$ v i = f v (k)- Since k is arbitrary, 
liminfn^oo u> n lyL n t> > f v as required. I 

10.3 Second order asymptotics on X 

Under the assumptions of Theorem 19.11 we can investigate second order asymptotics 
in Theorem 110.41 For example, we have the following: 

Theorem 10.6 Suppose that (3 G (|, 1) and that fj,(<p > n) = cn~@ + 0(n~ 2/3 ) where 
c > 0. Suppose further that v G B(X) and that (i) \\L k Vk\\ = 0(k~ p ), and (ii) 
J \vk\ d\i = 0{k~ q ), where p > | — (3 and q > 1. Then 

n 1 ~ l3 L n v = c~ 1 dpj x v dfx + 0(n~ J \\v ||) uniformly on Y, 

where 7 = min{l — j3, j3 — \, q — 1} if p > 1, and 7 = min{l — /?, /3 + p — |, q — 1} if 
%-P<p<l. 

Proof The estimates follow from Theorem 19.11 and the proof of Theorem 110.41 I 
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11 Examples 



In this section, we apply our results to specific examples. In Subsection 111.14 we 
describe a method for verifying our functional-analytic hypotheses (HI), (H2), that 
suffices for our purposes. In Subsection 111.21 we consider situations where the first 
return map F : Y — > Y is Gibbs-Markov. This includes the nonuniformly expanding 
maps studied by Thaler [38] and parabolic rational maps of the complex plane [6] . In 
Subsection 111.31 we consider the full class of AFN maps [H] . m Subsection 111.41 we 
specialise to the case of Pomeau-Manneville intermittency maps (II -ip . 

11.1 Verification of hypotheses (HI) and (H2) 

In our examples, (HI) can be verified in the process of verifying (H2), so we focus on 
the latter. The standard approach (cf. [18j Lemma 6.7] and [37J Section 5]) to (H2) 
proceeds via the following result. 

Proposition 11.1 Suppose that F : Y -^-Y is ergodic. Assume that (1) R(z) : B — > 
B has essential spectral radius strictly less than 1 for every z G D. (2) For each 
9 G (0, 27r), there are no nontrivial L 2 solutions to the equation v o F = e i9ip v a.e. 
Then (H2) is satisfied. 

Proof By (1), it suffices to consider generalized eigenf unctions v G L 2 for the opera- 
tor R(z). Suppose that R(z)v = v where v G L 2 is nonzero. Write z = pe 10 , p G [0, 1], 
9 G [0,2tt). Then \v\ 2 = \R{z)v\ 2 = \R{p^e l ^v)\ 2 = \pPv\ 2 < \p v \oo\v\ 2 < p\v\ 2 , so 
p = 1 and R(e l6 )v = v. The L 2 adjoint of U = R(e l6 ) is the operator U*v = e~ %6(p voF 
and an elementary calculation shows that \U*v — v\\ = \Uv\ 2 — = 0. Hence 
v o F = e i0(fi v. By [2),0 = 0. Hence we have established (H2)(ii). 

When z — 1, the eigenvalue 1 is isolated in the spectrum by (1) and the eigenvalue 
is simple by ergodicity of F, so (H2)(i) is valid. ■ 

Definition 11.2 Suppose that Y is a topological space, that (Y, p) is a probability 
space, and that F : Y — > Y is a measure preserving transformation. Let (p : Y — > K. 
be a measurable map. We say that (F, ip) satisfies property (*) if for every 9 G [0, 27r] 
and every measurable solution v : Y — > S 1 to the equation v o F — e v v a.e., there 
exists an open set U C Y such that v is constant almost everywhere on U. 

Lemma 11.3 Suppose that f is topologically mixing with first return map F = f v : 
Y — > Y. Assume that {F,p) satisfies property (*). Then there are no nontrivial 
measurable solutions v : Y — > C to the equation v o F — e for all 9 G (0, 2tt). 

Proof If v is a nontrivial solution, then by (*) there is an open set U C Y on 
which v is almost everywhere constant. Now we follow the second half of the proof 
of [HI Lemma 6.7]. Since / is topologically mixing, there exists N > 1 such that 
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f n U fl U 7^ for all n > N. In particular, for each n > N we can choose y G U such 
that / n y G U and = w(/ n y) ^ 0. 

Let = ko < k\ < ■ ■ ■ < k p = n be the successive return times of y to Y . Then 
T n y = F p y and n = ip p {y) = ^{F j y). Hence 

Taking n = N and n = N + 1, we deduce that e* e = 1 which is a contradiction. ■ 



11.2 Maps with Gibbs-Markov first return maps 

A large class of examples covered by our methods are those with first return maps 
that are Gibbs-Markov. This includes parabolic rational maps of the complex 
plane (Aaronson et al [B]) and Thaler's class of interval maps with indifferent fixed 
points j3B] (in particular the family ( II. ip ). 

We recall the key definitions [3]. Let (X, /i) be a Lebesgue space with countable 
measurable partition ax- Let / : X — > X be an ergodic, conservative, measure- 
preserving, Markov map transforming each partition element bijectively onto a union 
of partition elements. Recall that / is topologically mixing if for all a, b G ax there 
exists N > 1 such that b C f n a for all n > N. 

Let Y be a union of partition elements with fi(Y) G (0, oo). Define the first return 
time ip : Y — > K. and first return map F — f v : Y — > Y. Let a be the partition 
of Y consisting of nonempty cylinders of the form a fl (flj=i ^ ^j) ^ T~ n a where 
a, £j G ax, and a C Y, £j C A \ F. Fix r G (0, 1) and define d T (x, y) = r s( - x ' y ^ where 
the separation time s(x, y) is the greatest integer n > such that F n x and F n y lie in 
the same partition element in a. It is assumed that the partition a separates orbits 
of F, so s(x, y) is finite for all x ^ y. Then d T is a metric. Let Lip(F) be the Banach 
space of d,--Lipschitz functions v : Y — > R with norm \\v\\ = \v\oo + Lip(t> ). 

Define the potential function p = log : Y — )■ R. We require that p is uniformly 
piecewise Lipschitz: that is, p\ a is <i r -Lipschitz for each a G a and the Lipschitz 
constants can be chosen independent of a. We also require the big images condition 
inf a (u(Fa) > 0. A Gibbs-Markov map is a Markov map with uniformly piecewise 
Lipschitz potential and satisfying the big images property. 

Proposition 11.4 Suppose that (A, /i) is a Lebesgue space, that f : A — )■ A is an 

ergodic, conservative, measure preserving, topologically mixing, Markov map, and that 
Y G X is a union of partition elements with n{Y) G (0, oo) . Suppose further that 
the first return map F = ff : Y — )■ Y is Gibbs-Markov. Then the Banach space 
B = Lip(F) satisfies hypotheses (HI) and (H2). 
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Proof Since the details can be found in [T8"l I3"T] . we only sketch the argument. 
By equation (8) in the proof of [THJ Lemma 6.7], there is a constant C > such 
that \\R(z) n v\\ < COloo + r n ||v||) for all v G B, z G B, n > 1. Since the unit 
ball in B is compact in L°°, it follows from (23] that the essential spectral radius of 
R(z) is at most r establishing property (1) of Proposition lll.lt Property (*) follows 
from [4, Theorem 3.1]: measurable solutions v are constant almost everywhere on each 
partition element of a (even Fa). Hence property (2) of Proposition 111.11 follows from 
Lemma [11.31 This completes the verification of (H2). (HI) is established during the 
proof of [18J Lemma 6.7], see [HI Lemma 6.4]. ■ 



Corollary 11.5 In the setting of Proposition 11. 4 , if in addition fJ,(X) = oo and 
/j,(y G Y : <p(y) > n) is regularly varying with index (3 G (0, 1], then our main results 
(including Theorems \2. 1\ [Q[ \2. 3\) apply. ■ 

Example 11.6 (Parabolic rational maps of the complex plane) Let / : C — > 

C be a rational map of the Riemann sphere with spherical metric d. A period k point 
z G C is rationally indifferent if {f k )'{z) is a root of unity. The map / is parabolic if 
J contains no critical points and contains at least one rationally indifferent periodic 
point [11] 

Aaronson et al. [61 Section 9] establish a number of properties of parabolic rational 
maps. Such maps are topologically mixing, conservative and exact with respect to 
Lebesgue measure and possess a cr-finite invariant measure \i equivalent to Lebesgue. 
Moreover, there is a Gibbs-Markov first return map F = f v : Y — > Y where fx(Y) G 
(0, oo). Criteria are given for n(X) to be finite or infinite, and in the infinite case it 
is shown that f/,((p > n) ~ Cn" 13 where C > and (3 G (0, 1]. For any rj > 0, it is 
possible to choose r G (0, 1) so that C V (Y) C Lip(F). By Corollary 111.51 our main 
results apply to Holder observables supported on Y. 

Example 11.7 (Thaler maps) Thaler [38] considers a class of topologically mixing 
one-dimensional maps / : X — > X, X = [0, 1] for which there is a countable measur- 
able partition {B(k) : k G 1} consisting of intervals, and a nonempty finite set J C I 
such that each B(j), j G J, contains an indifferent fixed point Xj with f'(xj) = 1. It 
is required that 



(1) /l-B(fc) is twice differentiable and fB(k) = [0, 1] for all k. 

(2) \f\ > p(e) > 1 on U fce/ B{k) \ U i6j fo - e, ^ + e) for each e > 0. 

(3) For each j G J there exists r\ > such that /' is decreasing on (xj — rj, Xj)(~)B(J) 
and increasing on (xj, Xj + rj) fl B(j). 

(4) f"/{ff is bounded on \J keI B(k). 
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Such a map / is conservative and exact with respect to Lebesgue measure, and admits 
an infinite a-finite invariant measure [i equivalent to Lebesgue. As a special case of 
the construction in Zweimiiller [45J, / has a Gibbs-Markov first return map F = f v : 
Y — > Y, where fi(Y) G (0,oo). Furthermore, for every compact set C C X' (the 
complement of the indifferent fixed points), the first return set Y can be chosen to 
contain C. As shown in [38], a sufficient condition for regularly varying return tail 
probabilities is that / has a "good" asymptotic expansion near each indifferent fixed 
point. For example, it suffices that f(x) = x + a,j\x — Xj\ Ps+1 + o(\x — Xj\ Pj+l ) as 
x — > Xj for each j G J, where cij 7^ 0, pj > 1 and p = maxjpj > 1. In this case 
H{ip > n) ~ CrT l/p where C > 0. 

To summarise, suppose that / is a Thaler map and p,(ip > n) = i(n)rr^ is 
regularly varying with (3 G (0, 1]. Set w{n) = rf^ 1 m(n)n 1_/3 . By Corollary lll.5[ our 
main results apply to Holder continuous observables v : X — > R supported on a 
compact subset of X'. In particular, if G (|, 1], we obtain uniform convergence on 
compact subsets of X' . Moreover, we can consider a more general class of observables 
extending the class considered in [38J: 

Theorem 11.8 Suppose that f : X — )■ X is a Thaler map with regularly varying 
tails, (3 G Then \\m n ^ 00 w{n)L n v = J x vdfi uniformly on compact subsets of 

X' for all v of the form v = t;u where £ is fi-integrable and Holder on X , and u is 
Riemann integrable. 

Proof Fix a first return set Y chosen so that f(Y) = X. Let v : X — > R be fi- 
integrable and Holder. Define the sets X^ as in Subsection 110.21 and write v = J2 v k 
where Vk = v\x k - We claim that //(</? = k + l)\\v}.\\cv(x k ) < ^(v 9 = 

k + l)||u||(7ij. Hence is summable and it follows from Theorem 110.41 that 

lim^oo w(n)L n v = J x vd/j J uniformly on Y. Finally, given v of the form v = £u, we 
approximate u from above and below by Holder functions u^. Then v is approximated 
from above and below by observables v ± = for which uniform convergence holds. 
Since j (v + — v~) dp, can be made arbitrarily small, the result follows. 

It remains to verify the claim. Every point in X^ has a preimage in F. To 
simplify notation, suppose that such preimages are unique (otherwise specify one 
of the preimages and omit the other preimages in the argument below). Write 
(Lv)(x) = J2f X '=x9( x ') v ( x> ) an d {L n v)(x) = J2fn x '=x9n(x')v(x') where g n (x) = 
g(x)g(fx)---g(f n ' 1 x). Similarly, write (Rv)(y) = ^F y '=y G {v') v {y')- Then 

(L k v k )(x) = 9k(x')l Xk (x')v(x') = 9{y)~ 1 9k+i{y)v{fy) 

f k x'=x y£{ip=k+l}, fk+l y=x 

= 9{yr l Mv=k+i}{y)G{y)v{fy) = J29(yar 1 G(y a Hfy a ), 

Fy=x a 

where the summation is over those a with ip\ a = k + 1, and y a is the unique point 
in a such that Fy a = x. For Gibbs-Markov maps it is standard that ||l a G|| (i(a). 
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For the systems in [38J, /' is bounded and / is uniformly expanding on Y so that 
||ly0 _1 || < oo and ||l y (uo/)|| < C\\v k \\ C v(x k )- Hence \\L k v k \\ < E a M a )IMIc">(x fc ) = 
fj,(cp = k + l)|M|cj(x fe ) as required. ■ 

Remark 11.9 As is evident from the proof, the condition that £ is Holder on X 
can be relaxed and it suffices that £ is Holder on each X k and satisfies fi(<f = 
k )\\ l xMcv{x K ) < oo for some r] > 0. 

11.3 AFN maps 

Zweimiiller [SI H5] studied a class of non-Markovian interval maps / : X — > X, 
X = [0, 1], with indifferent fixed points. It is assumed that there is a measurable 
partition £ of X into open intervals such that / is C 2 and strictly monotone on each 
Zc^, and such that the following conditions are satisfied: 

(A) Adler's condition: f"/(f') 2 is bounded on [J Ze ^Z, 

(F) Finite images: {TZ : Z G £} is finite. 

(N) Nonuniform expansion: There is a finite set £ C £ such that each interval Z G C 
has an indifferent fixed point xz at one of its endpoints (so fxz = %z and 
f'{xz) = 1) such that / has a C l extension to Z U xz and T' is increasing 
(resp. decreasing) on Z if xz is the left (resp. right) end point of Z. Moreover, 
\f'\ > p(e) > 1 on X \ {J Ze( ((x z -e,x z + e) H Z) for each e > 0. 

Such a map is called an AFN map. A Thaler map (Example 111. Tf) is an AFN map 
with full branches. If condition (N) is replaced by 

(U) Uniform expansion: \f'\ > p > 1 on {J Z€ ^Z, 

then / is called an AFU map. 

By the spectral decomposition theorem in [44] . any AFN map decomposes into 
basic sets that are topologically mixing up to a finite cycle. From now on we suppose 
that / : X — > X is a topologically mixing AFN map. Such a map is conservative and 
exact with respect to Lebesgue measure, and admits an equivalent cr-finite invariant 
measure /i. The measure is infinite if and only if X includes an indifferent fixed 
point, and we suppose that this is the case. Let X' C X denote the complement of 
the indifferent fixed points. 

Proposition 11.10 If f : X — >■ X is a topologically mixing AFN map with fi(X) = 
oo, and C is a compact subset of X' , then there exists a first return set Y with fi(Y) G 
(0, oo) such that Y contains C , and such that the first return map F = f v : Y — > Y 
is AFU. Moreover, the Banach space B = BV(Y) consisting of bounded variation 
functions on Y satisfies hypotheses (HI) and (H2). 
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Proof By [UJ Lemma 8], the first return map F is AFU. By [3B] and (SI Appendix]), 
B = BV(Y) is a suitable Banach space. In particular, R(l) : B — > B has essential 
spectral radius less than 1. The argument in [36] is extended by [51 Proposition 4] 
who show that there exist constants C > 0, r < (0,1) such that \\R(e ld ) n v || < 
C(\v |i + T n ||u||) for all v G B, 9 G R, n > 1. It is easy to extend this argument to cover 
-R(z) for all zSD. (It should be noted that in our setting, the proof in [5] is greatly 
simplified since in [5] (p is not assumed to be locally constant and F is not required 
to satisfy Adler's condition or finite images.) Since the unit ball in B is compact 
in L 1 , property (1) of Proposition 111 .11 again follows from [23]. Property (*) follows 
from [5, Theorems 1 and 2]: measurable solutions v are constant almost everywhere 
on "recurrent image sets" and there are plenty of such sets by [51 Theorem 3(4)], 
yielding property (2) of Preposition lll.il Again, (HI) can be verified en route to the 
estimate for \\R(z) n v || (the crucial estimate is stated in (5J p. 57, line 10] and is a 
simple consequence of the AFU structure). ■ 

If in addition, fj,(y G Y : (p(y) > n) = £(n)n _/3 is regularly varying with (3 G (0, 1] 
(which includes the case when / has good asymptotic expansions near each indifferent 
fixed point as in Example lll.7p . then again our main results apply. In particular, for 
G (|, 1] it follows that for every BV observable v : X — > R supported on a compact 
subset of X', linin^oo w{n)L n v = f x vdfi uniformly on compact subsets of X', where 
Wn = <i^ 1 m(n)n 1- ^. Again, we can consider a much larger class of observables as in 
Theorem 11.11 

Proof of Theorem 11.11 Part (a) is identical to the proof of Theorem 111.81 with 
Holder replaced by BV. By Theorem 110.41 it suffices to observe that ^ \\L Vk\\ 
^2n(<p = k)\\lx k v\\BV(x k ) < IMIbv- Parts (b) is proved using the argument in Propo- 
sition [T03J To prove (c), by positivity of L n we can suppose without loss that v is /i- 
integrable and BV, so fi(f = k) and hence ||I/ n f|| < J2k=o ll^n-fe|| ll-^ fc,y fc|| ^ 

[{\\T n \\}*{ii( V = n)}} n ^t(n)n-P. ' ^ I 

Remark 11.11 (i) The proof of Theorem 11.11 shows that the hypotheses 
ily generalised. In (a), it suffices that £ is /i-integrable, //(</? = &)||lx fc t>|| w(x fc ) is 
summable, and u is Riemann-integrable. In (b), it suffices that v is /x-integrable and 
Riemann-integrable (and the result holds for all /3). In (c), it suffices that \v\ < v' 
where v' is /i-integrable and BV. 

(ii) For Thaler's maps, which are AFN with Gibbs-Markov first return maps, we can 
work with Holder or BV norms. 

(iii) For the Pomeau-Manneville map we obtain the stronger estimate ||L fe t>fc|| 
/i(y? = k)\\l Xk v\\ B v{x k ) < k~^ +1) \\lx k v\\ B v(x k ), so in Theorem [TH a) it suffices 
(somewhat remarkably) that £ is /i-integrable and BV on each Xk with the BV norms 
growing no faster than k l3 ~ e . 



39 



11.4 Pomeau-Manneville maps 

In this subsection, we verify that our results on second order asymptotics are applica- 
ble to certain Pomeau-Manneville intermittency maps, in particular the family (II. ip 
studied by Liverani et al. [31]. Write the invariant measure as d\x = h dm where m is 
Lebesgue measure and h is the density. 

Proposition 11.12 Suppose that f : X — >■ X is given as in (II. ip with /3 — 1/a G 
(0, 1]. Then fi(tp > n) = cn~P + 0{n~ 2f3 ) where c = \^h{\). 

Proof First, let Y = [~, 1] with partition sets Yj — {cp — j}. Let x n G (0, |] be 
the sequence with xq = \ and x n = fx n+ \, so x n is decreasing and x n — > 0. A 
standard argument shows that x n ~ |/3 /3 n _/3 (cf. [371 Corollary 1]). Then x n — x n+ i = 
fx n+1 - x n+1 = 2 a x a+1 = 0(n-^ +1 >). Hence x n = \^n~ p + 0{n~^ + ^). 

Write Y n = [y n -!, y n -2\- Then f{[^,y n ]) = [0,x n ]. In particular m(y? > n) = 
§m([0, x n _i]) = = m(<£ > n) = f /^n"' 3 + 0(n-^ +1 )). 

The density /i is globally Lipschitz on (e, 1] for any e > (see for example |25ij 
or [3TI Lemma 2.1]. Hence fi(ip > n) = m({p > n)(/i(|) + 0(n _/3 )), and the result for 
Y — [^,1] follows. The same estimates are obtained by inducing on the set Y = [x q , 1] 
for any fixed q > 0. ■ 

The next result is immediate by Theorems 19.11 and 19.61 

Corollary 11.13 Suppose that f : X —¥ X is given as in (II. ip with f3 G 
Suppose that v : [0, 1] — > K. is Holder or bounded variation supported on a compact 
subset of (0,1]. Let m{n) = c if (3 G (|, 1) and m{n) = clogn if (3 = 1. Let 
7 = min{l — (3, (3 — |}. Then 

m(n)n 1- ^ L n t> = J x v dfj, + 0(m(r2) _1 n~ 7 ) uniformly on compact subsets of (0, 1]. 

Moreover, if (3 G (|, 1], t/ien lim^oo m(n)n 1 ~P{m(n)n 1 ~ l3 L n v — f x vdfi} = 
dp,i fx vdfA, uniformly on compact subsets of (0, 1], where typically dp t i ^ 0. I 

Finally, we mention a result on second order asymptotics for observables v (x) = x q . 

Theorem 11.14 Suppose that f : X — >• X is given as in (ITT]) with (3 G (§, 1]. Let 

v(x) = x q where (1 + q)(3 > 1. Let 7 = min{l — (3, (3 — |, (1 + — 1}. T/ien 

m(n)n 1_ ^L n f = J x vdfi + 0(m(n)~ 1 n~' y ) uniformly on compact subsets of (0, 1]. 

Moreover, if (3 G (|,1] org/3 < |, then\im n ^ 00 m(n)n 1 {m(n)n 1 ~ l3 L n v — di3 f x vdfi} = 
d! f x vdfi, uniformly on compact subsets of (0, 1], where typically d' 7^ 0. 
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Proof We give the details for f3 G ±, 1). By Theorem EU T n = rT^'^P + 
0(n _2(1_/3) P) + 0(n~^). Following the proof of Theorem [10. 4[ 

n 

n l -^L n v -Jv = n 1 -? T n ^Uv 3 - -Jv = A + B + C + D, 

3=0 

n n 

A = E^ 1 - « « _1 Ej/m. 5 = E/n« 

jr'=0 j'=0 3>n 

n n 

C = oft-P'Ein-jrW-nfM), D = 0(n^J2(n-j)^\\L%\\). 

j=0 j=0 

Since x n = /3^ra~^(l+0((logra)r;,~ 1 )), h(x) = 0{x~ 1 ^) and h~ x is uniformly Lipschitz, 
it follows that J v n d\x = J*™' 1 x g h(x) dx <C n -\ l +i)P accounting for A, B and C. By 
the proof of Theorem ll.il ||L n v n || is summable taking care of D. This proves the first 
statement. 

If (3 e (|, 1] or q(3 < | then the — \ component of 7 is negligible and we obtain 
higher order expansions and so second order asymptotics. I 
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